
PROCEEDINGS BOOK OF MICOPAM 2020-2021

Editors
Yilmaz SIMSEK
Mustafa ALKAN

Irem KUCUKOGLU
Ortaç ÖNEŞ

The 3rd & 4th Mediterranean 
International Conference of Pure & 

Applied Mathematics and Related Areas
(MICOPAM 2020-2021)

https://micopam.com 
Conference Venue:  Faculty of Science (Block B), Akdeniz University, 

Antalya, TURKEY

Antalya, TURKEY
November 11th-12th, 2021

ISBN: 978-625-00-0397-8

Dedicated to our colleagues and all humanity who died or was 
affected due to the coronavirus pandemic



OPENING CEREMONY TALK of MICOPAM 2020-2021 

Dear distinguished participants of the 3rd and 4th Mediterranean International Conference of 

Pure & Applied Mathematics and Related Areas (MICOPAM 2020-2021), held at Faculty of 

Science Department of Mathematics Antalya-TURKEY, on November 11-12, 2021.  

Due to the coronavirus pandemic, this conference was organized as a hybrid event with a limited 

number of physical participants as well as researchers participating or presenting virtually (with 

a videoconferencing/webinar platform).   

Let me start my talk with the following meaningful sentence that will reflect the frightening 

and excruciating impact of the coronavirus disease, which reminds us of our deepest sorrows: 

As the committee-in-chief of the organizing committee, I wish “Healthy Days” to all the people 

who are suffering due to the coronavirus pandemic in our world. In addition, we wish that God 

would rest their souls for the people who died due to the coronavirus pandemic, and also we 

hope the other effected people will recover as soon as possible.  

Due to the dedication of the conference to people died by reason of the coronavirus pandemic, 

it has been decided to transform the cover page, which was previously designed in yellow and 

dark blue, to the colors of BLACK and WHITE. 

On behalf of the Scientific and Organizing Committees, I would like to say "Welcome to our 

conference (with physical, presenting virtually (with a videoconferencing/webinar platform), 

participants form all of the world.  

MICOPAM conference series was started in Antalya-Turkey in 2018. The first conference was 

dedicated to the 70th birthday of Professor Gradimir V. Milovanović, and then the latter has 

been held in Paris, France in 2019.  

The construction of the MICOPAM conference has been firstly appeared in 2017 in Belgrade, 

Serbia, while speaking with Professor Gradimir V. Milovanović. 

 

Brainstorming for conference name on napkin with Professor Gradimir V. Milovanović in 2017 at Belgrade, Serbia. 
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Our dreams came true in 2018 at Antalya and also MICOPAM 2018 was successfully held over 

four days, with presentations made by not only researchers coming from the international 

communities, but also distinguished keynote speakers. 

With the same passion, in 2019, this conference carried out as MICOPAM 2019 at University of 

d'Evry Val d'Essonne in Paris France by the Professor Abdelmejid Bayad, me, and Professor 

Mustafa Alkan. 

Today, we are very happy to make the opening ceremony of the 3rd and 4th of the conference 

MICOPAM together. Thus, dear distinguished participants, you have given honor to us by attending 

our conference: MICOPAM 2020-2021. Due to the big effect of the Coronavirus pandemic, in 2020 

this conference was not organized and postponed to this year to be combine with MICOPAM 2021.  

I would like to remind you that MICOPAM conference will be held regularly every year. In 

particular, “The 5th Mediterranean International Conference of Pure & Applied Mathematics and 

Related Areas” is scheduled to be held in another beautiful, touristic and historical city of the world 

to be announced soon on the MICOPAM web site, in 2022! 

 

From Left to Right: Professor Yilmaz Simsek, Professor Walter Gautschi, Professor Gradimir V. Milovanović 

I would like to thank to the following my colleagues and students who helped me at every stage of 

the 3rd and 4th Mediterranean International Conference of Pure & Applied Mathematics and 

Related Areas (MICOPAM 2020-2021):  

My sincerely thanks go to not only all my colleagues including all speakers, who sent abstracts of 

their talks, in all over the world who supported me without hesitation even during the most difficult 

days of this pandemic period, and also to the Local Organizing Committee: (including especially 

Professor Dr. Mustafa Alkan, Associate Professor Dr. Irem Kucukoglu, Assistant Professor Dr. 

Ortaç Öneş, Assistant Professor Dr. Neslihan Kilar, Assistant Professor Dr. Rahime Dere, Dr. 

Damla Gün, Dr. Büşra Al, Dr. Buket Simsek); my precious family: (my wife Saniye, my daughters 

Burcin and Buket); and also other friends whose names that I did not mention here. 



Thanks also to the Editors (Professor Dr. Mustafa Alkan, Associate Professor Dr. Irem Kucukoglu, 

and Assistant Professor Dr. Ortaç Öneş) for their most valuable contribution on preparing the 

Proceedings Book of MICOPAM 2020-2021. 

I would like to state few words about Mathematics. Mathematics is not only the common heritage 

of each people in the world, but also the common language of the world. That is always passed 

from generation to generation by refreshing. 

It would also be appropriate to say the following: 

In addition to the poetic and artistic aspect of mathematics, mathematics has such a spiritual, 

magical and logical power, all natural science and social science cannot breathe and survive without 

mathematics. 

Mathematics is such a branch of science that other sciences cannot develop without it. Therefore, 

Mathematics, which is the oldest of science, has contributed fundamentally to the development of 

our world civilizations. Thus, we can enter into the science and technology centers using the power 

of mathematics and its branches. So, mathematics and its branches create the possibility of 

bridgework and communication between the Natural Sciences and the Engineering Sciences as well 

as the Economic and also Social Science. 

The aim of the MICOPAM conference is to bring together leading scientists of the pure and applied 

mathematics and related areas to present their researchers, to exchange new ideas, to discuss 

challenging issues, to foster future collaborations and to interact with each other. In fact, the main 

purpose of this conference is to bring to the fore the best of research and applications that will help 

our world humanity and society. Due to the valuable idea of the MICOPAM, this conference 

welcomes speakers whose talk or poster contents are mainly related to the following areas: 

Mathematical Analysis, Algebra and Analytic Number Theory, Combinatorics and Probability, 

Pure and Applied Mathematics & Statistics, Recent Advances in General Inequalities on Pure & 

Applied Mathematics and Related Areas, Mathematical Physics, Fractional Calculus and Its 

Applications, Polynomials and Orthogonal systems, Special numbers and Special functions, Q-

theory and Its Applications, Approximation Theory and Optimization, Extremal problems and 

Inequalities, Integral Transformations, Equations and Operational Calculus, Partial Differential 

Equations, Geometry and Its Applications, Numerical Methods and Algorithms, Scientific 

Computation, Mathematical Methods and computation in Engineering, Mathematical Geosciences. 

To summarize my speech, this conference has provided a novel opportunity to our distinguished 

participants to meet each other and share their scientific works and friendships in the above areas.  

I am delighted to note that all participants have free and active involvement and meaningful 

discussion with other participants during the conference by the “Microsoft Teams” platform and 

other online connections. 

By the way, I would like to point out that the Special Issue in Montes Taurus Journal of Pure and 

Applied Mathematics ISSN: 2687-4814 (MTJPAM) (https://mtjpamjournal.com/special-issues/) of 

this conference will be dedicated to our colleagues who died and are still suffering from the 

Coronavirus, and to all humanity in the world.  

Due to the Coronavirus Pandemic, I wish you and your family healthy days. 
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We look forward to your support and participation in our MICOPAM2022 conference next year. 

It is my great pleasure to sincerely thank again Local Organizing Committee.  

Consequently, I send my sincerely thanks to all valuable participants of the conference MICOPAM 

2020-2021. 

 

On behalf of the Organizing Committee of MICOPAM 2020-2021 

PROF. DR. YILMAZ SIMSEK  

Department of Mathematics, Faculty of Science, 

Akdeniz University, TR-07058 ANTALYA-TURKEY, Tel: +90 242 310 23 43,  

Email(s): ysimsek@akdeniz.edu.tr, ysimsek63@gmail.com  
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FOREWORD 

Why we call the name of the conference as “Mediterranean International Conference of Pure & 

Applied Mathematics and Related Areas (MICOPAM)”. Because by the Mediterranean Sea, 

almost all the countries, the sea and the oceans are connected. For this reason, just like 

Mediterranean Sea, the main aim of MICOPAM is to give connection between many areas of 

sciences including physical mathematics and engineering, especially all branches of 

mathematics. A few of these areas can be given as follows: Pure and Computational and 

Applied Mathematics, Statistics, Mathematical Physics (related to p-adic Analysis, Umbral 

Algebra and Their Applications). Another important purpose of MICOPAM is to bring together 

leading scientists of the pure and applied mathematics and related areas to present their 

researches, to exchange new ideas, to discuss challenging issues, to foster future collaborations 

and to interact with each other in the following areas: Mathematical Analysis, Algebra and 

Analytic Number Theory, Combinatorics and Probability, Pure and Applied Mathematics & 

Statistics, Recent Advances in General Inequalities on Pure & Applied Mathematics and 

Related Areas, Mathematical Physics, Fractional Calculus and Its Applications, Polynomials 

and Orthogonal systems, Special numbers and Special functions, Q-theory and Its Applications, 

Approximation Theory and Optimization, Extremal problems and Inequalities, Integral 

Transformations, Equations and Operational Calculus, Partial Differential Equations, Geometry 

and Its Applications, Numerical Methods and Algorithms, Scientific Computation, 

Mathematical Methods and computation in Engineering, Mathematical Geosciences. 

 

A brief description about the contents of “Proceedings Book of the 3rd and 4th Mediterranean 

International Conference of Pure & Applied Mathematics and Related Areas (MICOPAM 

2020-2021)” is given as follows: 

 

The first section of the Proceedings Book of MICOPAM 2020-2021 includes opening ceremony 

talk, foreword, and some information about MICOPAM including the meaning of its name and 

the name of conference committee members. The rest of this book includes all the contributed 

talks and their related manuscripts.  

 

In this regard, we would like to thank to all speakers and participants for their valuable 

contributions.  

 

Finally, we express our sincere thanks to all members of the scientific committee and all 

members of the organizing committee because of their efforts to the success of this conference 

and this book. 

Editors of MICOPAM 2020-2021 

Prof. Dr. Yilmaz Simsek 

Prof. Dr. Mustafa Alkan  

Assoc. Prof. Dr. Irem Kucukoglu  

Asst. Prof. Dr. Ortaç Öneş 

 



ABOUT CONFERENCE 

The MICOPAM conference series has been started by organizing it in Antalya-Turkey in 2018, 

and then the latter has been held in Paris, France in 2019. Over the last two years; this 

conference series has gather together researchers, who work on pure & applied mathematics 

and related areas, from all over the world. This conference series continues this year by the 

organization of “The 3rd & 4th Mediterranean International Conference of Pure & Applied 

Mathematics and Related Areas (MICOPAM 2020-2021)”, under the chairmanship of 

Professor Yilmaz Simsek, (Akdeniz University, Turkey), as a hybrid event with a limited 

number of physical participants as well as researchers participating or presenting virtually (with 

a videoconferencing/webinar platform). 

The 3rd and 4th Mediterranean International Conference of Pure & Applied Mathematics and 

Related Areas (MICOPAM 2020-2021) has been held at Faculty of Science (Block B), Akdeniz 

University in Antalya, TURKEY for two days from November 11 to November 12, 2021.  

During two dates of MICOPAM 2020-2021, a great number of excellent oral presentations was 

made by 37 participants from 17 different countries (Canada, France, Germany, India, Italy, 

Jordan, Nigeria, North Cyprus, Pakistan, Portugal, Russia, Serbia, South Korea, Spain, Turkey, 

USA, Vietnam). 

 

Contents of oral presentations are mainly related to the following areas: Mathematical Analysis, 

Algebra and Analytic Number Theory, Combinatorics and Probability, Pure and Applied 

Mathematics & Statistics, Recent Advances in General Inequalities on Pure & Applied 

Mathematics and Related Areas, Mathematical Physics, Fractional Calculus and Its 

Applications, Polynomials and Orthogonal systems, Special numbers and Special functions, Q-

theory and Its Applications, Approximation Theory and Optimization, Extremal problems and 

Inequalities, Integral Transformations, Equations and Operational Calculus, Partial Differential 

Equations, Geometry and Its Applications, Numerical Methods and Algorithms, Scientific 

Computation, Mathematical Methods and computation in Engineering, Mathematical 

Geosciences. 

 

Further details about MICOPAM 2020-2021 are given as follows: 

 

COMMITTEES 

Scientific Committee 

• Mustafa Alkan, Turkey, 

• Ravi Agarwal, USA, 
• Abdelmejid Bayad, France, 

• Nenad Cakić, Serbia, 

• Ismail Naci Cangul, Turkey, 
• Abdullah Cavus, Turkey, 

• Ahmet Sinan Cevik, Turkey, 

• Junesang Choi, South Korea, 

• Dragan Djordjević, Serbia, 
• Allal Guessab, France, 

• Mohand Ouamar Hernane, Algeria, 

• Satish Iyengar, USA, 
• Taekyun Kim, South Korea, 

• Miljan Knežević, Serbia, 

• Dmitry Kruchinin, Russia 
• Veli Kurt, Turkey, 

• Branko Malešević, Serbia, 

• Francisco Marcellán, Spain, 

• Sabadini Irene Maria, Italy 
• Giuseppe Mastroianni, Italy, 

• Gradimir V. Milovanović, Serbia, 

• Tibor Poganj, Croatia, 

• Abdalah Rababah, Jordan, 
• Themistocles Rassias, Greece, 

• Lothar Reichel, USA, 

• Ekrem Savas, Turkey, 
• Yilmaz Simsek, Turkey, 

• Burcin Simsek, USA 

• Miodrag Spalević, Serbia, 

• Hari M. Srivastava, Canada, 

• Marija Stanić, Serbia 
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Organizing Committees 

Heads of the Organizing Committee 

• Yilmaz Simsek, Committee-in-Chief, (Akdeniz University, Turkey) 

• Mustafa Alkan, (Akdeniz University, Turkey) 

• Neslihan Kilar, (Niğde Ömer Halisdemir University, Turkey) 

• Irem Kucukoglu, (Alanya Alaaddin Keykubat University, Turkey) 

• Ortaç Öneş, (Akdeniz University, Turkey) 

• Rahime Dere Pacin, (Alanya Alaaddin Keykubat University, Turkey) 

 

International Organizing Committee 

• Chandrashekar Adiga, (University of Mysore, 

India) 

• Mustafa Alkan, (Akdeniz University, Turkey) 
• Ayman Badawi, (American University of Sharjah, 

United Arab Emirates (UAE)) 

• Abdelmejid Bayad, (Université d’Evry Val 

d’Essonne, France) 
• Rahime Dere Pacin, (Alanya Alaaddin Keykubat 

University, Turkey) 

• Satish Iyengar, (University of Pittsburgh, USA) 
• Neslihan Kilar, (Niğde Ömer Halisdemir 

University, Turkey) 

• Daeyeoul Kim, (Chonbuk National University, South 

Korea) 

• Taekyun Kim, (Kwangwoon University, South 
Korea) 

• Irem Kucukoglu, (Alanya Alaaddin Keykubat 

University, Turkey) 

• Veera Lokesha, (Vijayanagara Sri Krishnadevaraya 
University, India) 

• Gradimir V. Milovanović, (Serbian Academy of 

Sciences and Arts, Serbia) 
• Ortaç Öneş, (Akdeniz University, Turkey) 

• Yilmaz Simsek, (Akdeniz University, Turkey) 

Local Organizing Committee 

• Busra Al, (Akdeniz University, Turkey) 

• Mustafa Alkan, (Akdeniz University, Turkey) 

• Damla Gun, (Akdeniz University, Turkey) 

• Irem Kucukoglu, (Alanya Alaaddin Keykubat University, Turkey) 

• Ortaç Öneş, (Akdeniz University, Turkey) 

• Rahime Dere Pacin, (Alanya Alaaddin Keykubat University, Turkey) 

• Buket Simsek, (Akdeniz University, Turkey) 

• Yilmaz Simsek, (Akdeniz University, Turkey) 

Invited Speakers of MICOPAM 2020-2021 

(Sorted list alphabetically by speaker’s last name) 

• Ravi P. Agarwal, (Texas A&M University-Kingsville, USA) 

• Abdelmejid Bayad, (Université d’Evry Val d’Essonne, France) 

• Daeyeoul Kim, (Jeonbuk National University, Korea) 

• Min-Soo Kim, (Kyungnam University, South Korea) 

• Dmitry Kruchinin, (Tomsk State University of Control Systems and Radioelectronics, Russia) 

• Helmuth Robert Malonek, (Universidade de Aveiro, Portugal) 

• Sabadini Irene Maria, (Politecnico di Milano, Italy) 

• Gradimir V. Milovanović, (Serbian Academy of Sciences and Arts, Serbia) 

• Wolfgang Sprößig, (TU Bergakademie Freiberg, Institute of Applied Analysis, Germany) 
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Extended Eulerian numbers and prime

zeta functions type

Abdelmejid Bayad 1

Let λ be a complex number. An extended Eulerian number H(n, λ) is defined
by means of its Dirichlet series

λ− 1

λ− ζ(s) =
∑
n≥1

H(n, λ)

ns
, (1)

where ζ(s) =
∑
n≥1

1

ns
is the Riemann Zeta function defined for <(s) > 1.

Firstly, we extend and improve some results obtained by Kalmár [12], Hille
[9], Erdös [5], Evans [6], Klazar and Luca [14], Deleglise, Hernane, and Nicolas
[7], concerning the maximal order of extended Eulerian numbers.

Our motivation comes from the following important particular cases:

1) If λ = 0, then H(n, 0) = µ(n) is a Möbius number.

2) If n = p1p2 · · · pr is square-free, then H(n, λ) = Hr(λ), where Hr(λ) is an
Eulerian number. In addition, if λ = −1, thus

H(n,−1) = Hr(−1) = Er

is the so-called Euler number. It’s well known in [18] a combinatorial as-
pect of these numbers is the fact that the kth Betti number of the overall
cohomology is the (k + 1)th Eulerian number. Moreover, well known also
in geometry ([8]), statistical applications ([13, 4]), and spline theory ([17]).

3) If λ = 2, then H(n, 2) = K(n), where K is the Kalmár arithmetic function
which counts the number of ordered factorizations of a positive integer n
in factors bigger than 1. Various properties of this function were studied by
many mathematicians. In fact, Kalmár found the average order of K(n),
for x→∞ ∑

n≤x

K(n) = − xρ

ρζ′(ρ)
{1 + o(1)}, (2)

where ρ = 1.72864 . . . is the positive real solution to ζ(s) = 2.

Recently, Klazar and Luca [14], Deleglise, Hernane, and Nicolas [7] im-
proved the bounds for the maximal order of K(n).

For more details and further results for H(n, λ) see [1] where these numbers
were studied by A. Bayad, M. O. Hernane and A. Togbé.

Secondly, we introduce and investigate the Möbius-prime zeta function given
by

λ− 1

ζP(s)− λ =
∑
n≥1

HP(n, λ)

ns
,

2 Antalya-TURKEY
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where
ζP(s) = 1 +

∑
p prime

p−s

is the so-called prime zeta function and HP(n, λ) are the prime-extended Eule-
rian numbers.

Among the results we obtain:

(i) For λ = 2 we have

1

2− ζP(s)
=
∑
n≥1

µP(n, 2)/ns, (3)

where

µP(n, 2) =

(
α1 + α2 + · · ·+ αk
α1, α2, . . . , αk

)
, if n =

k∏
i=1

pαii (4)

which is the prime analogue of the Kalmar function K(n), for more details
see [7].

(ii) For λ = 0, we note µP(n, 0) = µP(n). We prove that

µP(n) = (−1)Ω(n)

(
α1 + α2 + · · ·+ αk
α1, α2, . . . , αk

)
, (5)

where Ω(n) =

k∑
i=1

αi for n =

k∏
i=1

pαii

(iii) For λ > 1, our study may be seen as a prime analogue of the work done
for extended Eulerian numbers [1].

We introduce and evaluate the prime λ-Mertens function defined by

MP(x, λ) =
∑
n6x

µP(n, λ). (6)

For λ > 1, we study the asymptotic behavior and the large value of the function
µP(n, λ). Then, we define the µP -champion number as an integer N such that

∀M < N ⇒ µP(M,λ) < µP(N,λ). (7)

Several properties of such numbers will be given. In particular, we investi-
gate the factorization of N into small and large prime factors, the size of prime
factors in the stander factorization of N into primes and the number Q(X) of
µP -champion numbers N ≤ X.

Furthermore, we consider its associated Mertens type function. Among oth-
ers, we study the asymptotic behavior and the large value of the Möbius-prime
zeta function. Also, we find the Stieltjes constants associated to Dirichlet series
associated to the Möbius-prime zeta function. Finally, concerning these new
zeta functions we will cover the following arithmetic questions like: Average
and error term; Upper and lower bounds; Estimate of Champions numbers and
large values ... etc.

3 Antalya-TURKEY
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Numerical computation of the two

dimensional exponential integrals
Gradimir V. Milovanović 1,2

In 2015 Ş. Yardımcı, M. Olgun and Ç. Can [6] investigated a problem of
convergence and asymptotic behaviour, as well as numerical computations, of
the two-dimensional exponential integral (TDEI) functions arising in the study
of the radiative transfer in a multi-dimensional medium. In [6] they started with
the following definition of TDEI:

εn(τ, β) =
τn−1

2π

∫ +∞

−∞

∫ +∞

−∞

e−r

rn+1
e−iβxdxdy, (1)

where r2 = x2 + y2 + τ2 and n = 1, 2, . . . and proved that the function (τ, β) 7→
εn(τ, β) is uniformly convergent on D(ε) =

{
(τ, β) ∈ Ω | τ ∈ [ε,+∞), β ∈ R

}
,

and nonuniformly convergent on Ω, where Ω = [0,+∞)×R. Furthermore, using
these facts, they proved that for (τ, β) ∈ D(ε) the function (τ, β) 7→ εn(τ, β)
satisfies certain asymptotic formulas. Note that these functions (1) are two-
dimensional analogs of the well-known exponential integral

En(τ) =

∫ +∞

1

e−τt

tn
dt, n ∈ N. (2)

As an application of the obtained results in [6], the authors constructed an
algorithm for the calculation of TDEI function.

For numerical computation of the values of TDEI functions we can give some
alternative (and very simple) methods using some quadrature processes (cf. [2]).
We present a very efficient method based on some integral representations and
the application of numerical integration.

For τ > 0, β > 0, and n ∈ N, we can prove that

εn(τ, β) =

∫ +∞

0

J0(τβ
√

e2x − 1)e−(n−1)x−τex dx, (3)

and

εn(τ, β) =

∫ +∞

0

J0(τβ sinh t)

coshn t
e−τ cosh t sinh t dt. (4)

These expressions (3) and (4) are very appropriate for numerical calcula-
tion of the values of εn(τ, β). For example, the integrand x 7→ Fn(τ, β, x) =
J0(τβ

√
e2x − 1)e−(n−1)x−τex in (3) is an analytic function with expansion

Fn(τ, β, x) = e−τ
+∞∑
ν=0

Aνx
ν , x ≥ 0,

where A0 = 1, A1 = − 1
2

[
β2τ2 + 2τ + 2(n− 1)

]
, etc. Moreover, since |J0(t)| ≤ 1

for t ≥ 0, we see that

|Fn(τ, β, x)| ≤
∣∣J0(τβ

√
e2x − 1)

∣∣ e−(n−1)x e−τex ≤ e−τex ,

i.e., the analytic function Fn(τ, β, x) decays double exponentially when x→ +∞.
It is known that the trapezoidal formula with an equal mesh size gives an optimal
formula for integrals of such functions (cf. [1, 3, 4, 5]).

An analysis of different methods for numerical calculation of the function
εn(τ, β) will be presented in details in the extended version of this paper, in-
cluding several numerical examples.
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An overview on Aharonov-Berry

superoscillating functions and their

interplay with complex analysis

Irene Maria Sabadini 1

In the past 50 years, physicists have discovered, and experimentally demon-
strated, a phenomenon which they termed superoscillations. Aharonov and his
collaborators showed that superoscillations naturally arise when dealing with
weak values, a notion that provides a fundamentally different way to regard
measurements in quantum physics.

From a mathematical point of view, superoscillating functions are sequences
of suitable linear combinations of exponentials functions with frequencies bounded
by 1 that, in the limit, can oscillate with frequencies much larger then 1.

The prototypical example of superoscillatory function is the following: let
a > 1 be a real number we define the sequence of complex valued functions
Fn(x, a) defined on R by

Fn(x, a) =
(

cos
(x
n

)
+ ia sin

(x
n

))n
=

n∑
k=0

Ck(n, a)ei(1−2k/n)x (1)

where

Ck(n, a) =

(
n

k

)(
1 + a

2

)n−k (
1− a

2

)k
, (2)

and
(
n
k

)
denotes the binomial coefficients. The first thing one notices is that if

we fix x ∈ R, and we let n go to infinity, we immediately obtain that

lim
n→∞

Fn(x, a) = eiax.

Moreover, the convergence is uniform on all compact sets in R but it is not
uniform on all of R, see [1]. The representation in terms of ei(1−2k/n)x, together
with the calculation of the limit of Fn(x, a) when n goes to infinity, explains
why such a sequence is called superoscillatory.

A detailed study of superoscillatory functions has been done in [2] where
it is shown how the use of infinite order differential operators and spaces of
holomorphic functions with suitable growth conditions are useful mathematical
tools, see [6, 7, 4].

In this talk we shall discuss the interplay between complex analysis and
superoscillations, also discussing some new methods to generate superoscillating
functions, see [3, 5]. In particular, in [5] we rewrite the sequence in (1) as

Fn(x, a) :=

n∑
j=0

Cj(n, a)eikj(n)x, x ∈ R, (3)

and we show how to use an operation inspired by the realtivist sum of velocities
to construct a superoscillating sequence starting with two sequences of the form
(3).
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Quaternionic approach for special fluid flow

equations in porous media
Wolfgang Sproessig 1

One of the most relevant equations for a saturated non-slow flow in porous
media are the time-dependent Brinkman-Forchheimer equations which read as
follows

∂tu− λ∆u) + µ2u− b|u|u +∇p = −f on G,

div u = 0 on G,

u = 0 on ∂G.

Here are λ the Brinkman coefficient, b the Forchheimer coefficient and µ2 =
ν/kλ with ν the kinematic viscosity and k the permeability, p is (pore) pressure.

Set T = nτ , where τ is the meshwidth of the discretisation. We further set

uk := u(kτ, ), fk := 1
τ

(k+1)τ∫
kτ

f(t,x)dt. Using finite forward differences (uk+1 −

uk)/τ and quaternionic multiplication we get the system

−(D − iA)(D + iA)uk+1 + (1/λ)Dpk+1 = Fk

:= −(1/λ)fk + (1/τλ)uk

+(b/λ)|uk|uk

ScDuk+1 = 0.

with uk+1 = 0 on the boundary ∂G. Sc means scalar part of the corresponding
quaternion, D is the Dirac operator with ∆ = −D2 (quaternionic mulitplica-
tion!). i is complex unit and A2 = (1 + µ2τ)/λτ .

The following result can be fomulated in terms of an quaternionic operator
calculus with α := iA

uk+1 = T−αQα[pk+1 + αTαpk+1]− T−αQαTαFk
where Qα = I−Pα (Pompeiu transform) and Pα is the projection onto ker(D+
α) in the quaternionic Hilbert modul decomposition

L2(G) = ker(D + α)⊕ (D + α)W 2,1
0 (G).

Tα decribes the generalized Teodorescu transform.

A solution is given by

uk+1,spec = T−αQαV ecTαFk,

p̃k+1 := pk+1 + αTαpk+1 = ScTαFk + Φk+1 (Φk+1 ∈ kerDα).

It can be shown that ||uk+1||2,1 is bounded and the truncation error tends to
zero.

For more details we refer to Guerlebeck/Habetha/Sproessig: Application of
Holomorhic Functions in Two and Higher Dimensions, Birkhauser, 2016.
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A note of arithmetical functions

Daeyeoul Kim 1

This presentation first introduces the definition of an arithmetic function
and its basic properties. Arithmetic functions are also introduced to the natural
property of being a ring for addition and dirichlet convolution. Briefly, we define
a convolution extended from an arithmetic function.

Let f and g be arithmetical functions and A(n) subset of the set of divisors
of n. Define an A-convolution of f and g, as follows:

(f ∗A g)(n) =
∑

d∈A(n)

f(d)g(n/d),∀ n

In 1963, W. Narkiewicz [1] defined a regular convolution A.

The binary operation ∗A is regular convolution if the following conditions
hold:

(1) The ring (F,+, ∗A) is a commutative ring with unity δ.

(2) The convolution preserves multiplicativity.

(3) The ”Möbius-function” of the convolution A, defined by the eqaution 1 ∗A
µA = δ.

Here, δ(n) = [ 1
n

] =

{
1 n = 1,

0 otherwise.

In 1978, V. Sita Ramaiah [2] introduced a regular convolution Ak.
For a given regular convolution A and k a fixed positive integer, define sets, for
each n ∈ N,

Ak(n) := {d | dk ∈ A(nk)}.
Then the covolution Ak defined by the sets Ak(n) is regular.

Using the definitions above, I would like to introduce some important prop-
erties. Finally, I would like to point out that this presentation is a survey
presentation.
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Using hypergeometric functions in

hypercomplex analysis

Helmuth R. Malonek 1

The survey is concerned with series representations of some Clifford algebra-
valued functions in Hypercomplex Analysis and the use of hypergeometric func-
tions as generating functions for corresponding sets of real coefficients. The
approach relates to generalized Appell polynomials which for the first time have
been introduced in 2006. An important connection with Vietoris’ numbers in
problems of real and complex analysis is mentioned. A special pair of non-
monogenic variables is considered, and problems related to an adequate choice
of variables in general are discussed.

Introduction

In general, hypercomplex function theory as part of Clifford Analysis (cf. [3]) is
considered as refinement of Harmonic Analysis. It can heavily rely on representation
theoretic and algebraic tools, particularly motivated by the seminal paper [9]. A
big part of research in Clifford Analysis in the last 50 years seems to confirm this
observation, but of course, meanwhile in Clifford Analysis other modern trends in
connecting Algebra and Analysis also have been applied.

In the 90ies the papers (cf. [5, 6, 7]) contributed to a radical change of this
more algebraic perspective, describing regular functions by using several hypercom-
plex variables (Fueter variables) as a new starting point for hypercomplex function
theory. As one of several examples, applications to number theory or methods related
to combinatorial questions became accessible via a more classical analytic point of
view. It allows to show that a great number of real and complex analytic results
can naturally and sometimes immediately obtained as special cases of hypercomplex
analysis results. More about this approach and its applications the reader can find in
the very recent paper [1].

Main Result

With a pair of two non-monogenic variables with the algebraic advantage of being
commutative, namely x = x0e0 + x1e1 + x2e2 + · · · + xeen and x̄ = x0e0 − x1e1 −
x2e2 − · · · − xnen, one can prove the following

Theorem 1. The differential of a monogenic function f = f(x, x̄) has the form

df = ∂xfdx+ ∂x̄fdx̄,

with the corresponding hypercomplex gradient

∇f = (∂x, ∂x̄) =

(
1

2
(∂0 −

1

n
∂x),

1

2
(∂0 +

1

n
∂x)

)
.
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Moreover, the Taylor series expansion of a paravector valued function f depending on
the paravector x and its conjugate x̄ around the origin is given by

f(x, x̄) =

∞∑
k=0

1

k!

(
∂

∂x
x+

∂

∂x̄
x̄

)k
f(0)

=

∞∑
k=0

1

k!

k∑
s=0

(
k

s

)
∂kf(0)

∂xk−s∂x̄s
xk−sx̄s (1)

=

∞∑
k=0

k∑
s=0

1

(k − s)!s!
∂kf(0)

∂xk−s∂x̄s
xk−sx̄s.

The last expression in formula (1) is nothing else than the expansion of the given
function f in a series of polynomials of the form

Pnk (x, x̄) =

k∑
s=0

T ks (n)xk−s x̄s, k = 0, 1, 2, . . . . (2)

with real coefficients

T ks (n) =

(
k

s

)(n+1
2

)
k−s

(
n−1

2

)
s

(n)k
(3)

which constitute a generalized Appell sequence with respect to the hypercomplex
derivative ∂ (cf. [5]) introduced in [4].

With a = 1, b = n+1
2 , b′ = n−1

2 , c = n, u = x, and v = x̄, the corresponding
function f = f(x, x̄) in (1) is recognized as Appell’s function F1 of two variables (see
[8], 139).

Corollary 2. The generating function of the generalized Appell sequence with respect
to ∂ in the form (2) is Appell’s hypergeometric function F1(x, x̄), i.e.

F1(a; b, b′; c;x, x̄) =

∞∑
r,t=0

(a)r+t(b)t(b
′)ru

tvr

t!r!(c)r+t

=

∞∑
k=0

k∑
s=0

(
k

s

)(n+1
2

)
k−s

(
n−1

2

)
s

(n)k
xk−sx̄s (4)

=
∞∑
k=0

Pnk (x, x̄).
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On the approach of solving iterative

functional equations with generating

functions

Dmitry Kruchinin 1

Using properties of compositae we present an approach of solving the fol-
lowing iterative functional equation A(A(x)) = F (x), where the expression for
coefficients of a generating function A(x) =

∑
n>0 a(n)xn is not known, but its

composition with itself is known. We construct some recurrent identities. Also
we give an example of applying the obtained results

2010 Mathematics Subject Classifications: 05A15, 30D05, 39B12
Keywords: Composita, Generating function, Lagrange inversion theorem, Func-

tional equation, Iterative equation

Introduction

In [6, 10] and on the last ”Mediterranean International Conference of Pure &
Applied Mathematics and Related Areas” in 2019 we had studied the following type
of functional equations for the different cases of the power:

1. for a natural number m
B(x) = H(xB(x)m), (1)

coefficients of powers of generating function xB(x) (or composita of xB(x)) are
defined by

B∆
x (n, k,m) =

k

im−1
H∆
x (im, im−1), (2)

where im = (m + 1)n −mk and H∆
x (n, k) and B∆

x (n, k) are the compositae of
the generating functions xH(x) and xB(x), respectively;

2. for a rational number m
B(x) = H(xB(x)r), (3)

the composita of x[H(x)]r is defined by

H∆
x (n,m, r) =


H∆(1, 1)mr, n = m
n−m∑
k=1

H∆
m(n−m, k)

(
mr
k

)
H∆(1, 1)mr−k n > m,

(4)

where H∆
m(n, k) is the coefficients of generating function [H(x)− h(0)]k that is

defined by the composita H∆(n, k) of the generating function xH(x).

In this paper, we study application of the composita for solving the iterative
functional equation with respect to selfcomposition.
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For a given A(x) the n-th iteration is the function that is composed with itself n
times

A0(x) = x, A1(x) = A(x), A2(x) = A(A1(x)), . . . , An(x) = A(An−1(x))

and denoted by An(x).
By an iterative functional equation, we mean the equation, where the analytical

form of a function A(x) is not known, but its composition with itself is known.
In the literature, you can find extensive investigations concerning iterates and

functional equations, classical books [1, 11, 12] and recent surveys and papers [2, 5,
4, 3, 13].

Iterative functional equations arise in various fields such as fractal theory, com-
puter science, dynamical systems, and maps. Despite their prevalence, they are very
difficult to solve, and few mathematical tools exist to analyse them. In the general
case, solving the equations involve deep mathematical insight and experimentation
with different substitutions and reformulations.

In this paper, we propose using the notion of the composita to identify and solve
such iterative functional equations, where F (x) =

∑
n>0 f(n)xn, f(1) 6= 0. By the

composita introduced in the papers [8, 7, 9], we mean the following notion:
The composita is the function of two variables defined by

F∆(n, k) =
∑

πk∈Cn

f(λ1)f(λ2) . . . f(λk), (5)

where Cn is a set of all compositions of an integer n, πk is the composition
∑k
i=1 λi = n

into k parts exactly.
Suppose F (x) =

∑
n>0 f(n)xn is the generating function with the free term equals

0, i.e. f(0) = 0. From this generating function we can write the following equation:

[F (x)]k =
∑
n>0

F (n, k)xn. (6)

The expression F (n, k) is the composita, and it is denoted by F∆(n, k). In this
case, the composita is an expression for the coefficients of powers of the generating
function with the free term equals 0.

Main Results

The simplest case of an iterative functional equation for an unknown function
A(x) with a given function F (x)

A(A(x)) = F (x)

appeared in 1820 (Babbage, with F (x) = x).
Let us consider the case, when the expression for coefficients of a generating func-

tion A(x) =
∑
n>0 a(n)xn is not known, but its composition with itself is known.

Theorem 1.
Suppose F (x) =

∑
n>0 f(n)xn is a generating function, where f(1) 6= 0, F∆(n, k)

is the composita of F (x), A(x) =
∑
n>0 a(n)xn is the generating function, which is

obtained from the functional equation A(A(x)) = F (x). Then, for the composita of
the generating function A(x), we have the following recurrent formula:

A∆(n, k) =


f(1)

n
2 , n = k;

F∆(n,k)−
n−1∑

m=k+1

A∆(n,m)A∆(m,k)

f(1)
n
2 +f(1)

k
2

, n > k.
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For applications of Theorem 1, we give the following example.
Example 1.
Let us consider the iterative functional equation A(A(x)) = sin(x) (for details, see

A048602, A048603 in [14]). The composita of F (x) = sin(x) is

F∆(n, k) =
1 + (−1)n−k

2kn!

b k2 c∑
m=0

(
k

m

)
(2m− k)n(−1)

n+k
2 −m.

Using Theorem 1, we obtain the following recurrent formula

A∆(n, k) =


1, n = k;

1
2

(
F∆(n, k)−

n−1∑
m=k+1

A∆(n,m)A∆(m, k)

)
, n > k.

Therefore, the expression for coefficients of A(x) =
∑
n>0 a(n)xn is

a(n) = A∆(n, 1).

Conclusion

Using the properties of compositae, we have showed an approach of solving the
iterative functional equation A(A(x)) = F (x), where the expression for coefficients
of a generating function A(x) =

∑
n>0 a(n)xn is not known, but its composition

with itself is known. Those results can contribute to the development of methods for
solving functional and iterative equations in terms of generating functions.
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Baire-type properties in c0 (Ω, X)

Manuel López-Pellicer 1, Salvador López-Alfonso 2,
Santiago Moll-López 3

Let Ω be a non-empty set, X a locally convex space over the field K (of the
real or complex numbers), cs(X) the family of all continuous seminorms in X
and c0(Ω, X) the locally convex space over K of all functions f : Ω→ X such that
for each ε > 0 and p ∈ cs(X) the set {ω ∈ Ω : p (f(ω)) > ε} is finite or empty,
with the topology defined by the semi-norms ‖f‖p = sup {p (f(ω)) : ω ∈ Ω},
p ∈ cs(X). In particular, for Ω = N or for X = K, we have the well known
spaces c0(Ω) := c0(Ω,K), c0(X) := c0(N, X) and c0 := c0(N,K).

In [15] it was proved that c0(X) is quasibarrelled if and only if X is quasi-
barrelled and its strong dual satisfies condition (B) of Pietsch and in [16] it was
proved that c0(E) is barrelled if and only if E is barrelled and its strong dual
satisfies condition (B) of Pietsch. Metrizable locally convex spaces as well as
dual metric locally convex spaces verify the property (B) of Pietsch ([18]).

Ferrando and Lüdkowsky extended in [9] Mendoza’s result of [16]. They
showed that c0(Ω, X) is barrelled, ultrabornological or unordered Baire-like
([23]) if and only if X is, respectively, barrelled, ultrabornological or unordered
Baire-like, providing also concrete examples of vector valued function spaces
c0(Ω, X) with properties mentioned above. In [4] it was proved that the normed
space of all continuous functions vanishing at infinite defined on a locally com-
pact topological space with values in a normed space and endowed with the
supremum norm topology is barrelled if and only if X is barrelled; this answered
a question posed by J. Horváth.

The linear subspace l∞0 of the sequence space l∞ of finite-valued sequences
in the field K is of the first Baire category [1]. Dieudonné [26, p. 133] and,
independently, Saxon [20] proved that l∞0 is barrelled. This result was extended
by Schachermayer by showing that the linear hull l∞0 (A) of the characteristic
functions XA, A ∈ A, where A is a ring of subsets of Ω, endowed with the supre-
mum norm topology is barrelled if and only if the vector space of all bounded
finitely additive scalar measures defined on A and equipped with the supremum
norm topology verifies the Nikodým boundedness theorem, see [3, p. 80]. More-
over, if A is a σ-algebra, the space l∞0 (A) is barrelled, see [3, p. 80] and [22].
Valdivia [24] proved even more: If (En)n is an increasing sequence of vector
subspaces of l∞0 (A) covering l∞0 (A), then there is an En which is barrelled and
dense in l∞0 (A). This property defines suprabarrelled spaces, called (db) spaces
in [19] and [21]. Interesting applications of suprabarrelled spaces are in [24],
[25] and [17, Chapter 9]. A natural generalization of suprabarrelled spaces are
p-barrelled spaces. Recall, see [2], that a p-net in a vector space X is a family
W = {Xt : t ∈ Tp} of vector subspaces of X, where Tp =

⋃p
k=1 N

k, such that
X = ∪{Xn : n ∈ N}, Xn ⊂ Xn+1, Xt =

⋃
{Xt,n : n ∈ N}, Xt,n ⊂ Xt,n+1, for

t ∈ Tr, 1 ≤ r < p and n ∈ N.
A locally convex spaceX is called p-barrelled if given a p-netW = {Xt : t ∈ Tp}

in X there is a t ∈ Np such that Xt is barrelled and dense in X.
Note that suprabarrelled are the 1-barrelled spaces. We refer the reader to

[7] and [10] for several applications of p-barrelled spaces; for example for vector
measures. More strong properties are considered in [5], [6], [11], [12], [13] and
[14].

Notice that if the locally convex space X is metrizable and if
{
‖.‖n ∈ N

}
is

an increasing sequence of semi-norms defining the topology of X, then the locally
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convex space c0(Ω, X) is metrizable, because its topology is defined by the semi-
norms ‖f‖n = sup

{
‖f(ω)‖n : ω ∈ Ω

}
, n ∈ N, and for every f ∈ c0(Ω, X) its sup-

port, suppf := {w ∈ Ω : f(w) 6= 0}, is countable, since {w ∈ Ω : f(w) 6= 0} =⋃∞
n,m=1

{
ω ∈ Ω : ‖f(ω)‖n >

1
m

}
and, by definition, for each ε > 0 and n ∈ N

the set
{
ω ∈ Ω : ‖f(x)‖n > ε

}
is finite or empty.

Our aim is to get shorter proofs of main results of [9] for X metrizable
showing that c0(Ω, X) is barrelled, quasibarrelled or unordered Baire-like if and
only ifX has the same property, respectively. Moreover we prove that c0(Ω, X) is
totally barrelled or p-barrelled if and only if X is totally barrelled or p-barrelled,
respectively. Last section provides an application to a closed graph theorem.

Recall that a locally convex space X is barrelled (quasibarrelled) if every
closed absolutely convex and absorbing (and bornivorous) subset of E is a neigh-
bourhood of zero. Barrelled spaces are just the locally convex spaces that verify
Banach-Steinhaus boundedness theorem. A natural and applicable generaliza-
tion of Baire spaces to locally convex spaces was discovered by A. Todd and S.
Saxon, see [23]: A locally convex space X is called unordered Baire-like, if every
sequence of absolutely convex and closed subsets of X covering X contains a
member which is a neighbourhood of zero. Finally, a locally convex space X
is totally barrelled if for every sequence of subspaces (Xn)n∈N of X covering X
there is some Xp which is barrelled and its closure is finite-codimensional in
X, see [8, Definition 1.4.1] and [27]. Note that Baire ⇒ unordered Baire-like⇒
totally barrelled ⇒ p-barrelled ⇒ Baire-like ⇒ barrelled⇒ quasibarrelled.

Several open problems will be discussed.

2010 Mathematics Subject Classifications: 46A08, 46B25

References

[1] G. Bennet and N. Kalton, Inclusion theorems for K-spaces, Canad. J. Math 25
(1973), 511-524.

[2] M. de Wilde, Closed graph theorems and webbed spaces, Boston, London: Re-
search Notes in Mathematics 19, Pitman; 1978.

[3] J. Diestel, Sequences and series in Banach spaces, New York; Graduate Texts in
Mathematics 92 Springer-Verlag; 1984.
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Relations between a certain combinatorial

numbers and Fibonacci numbers

Yilmaz Simsek 1

In “Generating functions for finite sums involving higher powers of bino-
mial coefficients: Analysis of hypergeometric functions including new families
of polynomials and numbers, J. Math. Anal. Appl. 477, 1328–1352 (2019)”,
the author introduced a new kind of combinatorial numbers and presented some
identities associated with these combinatorial numbers. In this presentation, the
author give some relations between Fibonacci numbers and the combinatorial
numbers mentioned above.

2010 Mathematics Subject Classifications: 05A10, 05A15, 11B39, 11B83
Keywords: Bernoulli polynomials, Euler polynomials, multiplication formula,

Abel binomial identity, Abel polynomials, p-adic integral

Introduction

The main motivation of this presentation is to investigate relations between the
Fibonacci numbers and the combinatorial numbers y6 (m,n;λ; p), which is given by
the following generating function (cf. [3, Theorem 1, p. 1347]):

1

n!
pFp−1

[
−n,−n, ...,−n

1, 1, ..., 1
; (−1)

p
λet
]

=

∞∑
m=0

y6(m,n;λ, p)
tm

m!
, (1)

where n, p ∈ N and λ ∈ R (or C), above series converges for all z if p < q+ 1, and for
|z| < 1 if p = q + 1 and pFp denotes the generalized hypergeometric function, given
by

pFq

[
α1, ..., αp
β1, ..., βq

; z

]
=

∞∑
m=0


p∏
j=1

(αj)m

q∏
j=1

(βj)m

 zm

m!
,

(λ)v denotes the Pochhammer’s symbol known as the rising factorial, given by

(λ)v =
Γ (λ+ v)

Γ (λ)
= λ(λ+ 1) · · · (λ+ v − 1),

and
(λ)0 = 1

for λ 6= 1, where v ∈ N, λ ∈ C, Γ (λ) denotes the Euler gamma function and(
z

v

)
=
z(z − 1) · · · (z − v + 1)

v!
=

(z)v

v!
(v ∈ N, z ∈ C)

and (
z

0

)
= 1.
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It is easy to see that
(−λ)v = (−1)v (λ)v .

Some special hypergeometric functions are given as follows:

0F0 (z) = ez,

2F1 (α1;α2;β1; z) =

∞∑
k=0

(α1)k (α2)k
(β1)k

zk

k!
,

and

1F0

[
b
− ;x

]
=

1

(1− x)
b

Therefore, we have

1

n!

n∑
k=0

(
n

k

)p
λketk =

∞∑
n=0

y6 (m,n;λ; p) tn (2)

which were recently introduced and studied by the author [3, Theorem 1, p. 1347].
Using (2), the numbers y6 (m,n;λ; p) are given by

y6 (m,n;λ; p) =
1

n!

n∑
k=0

(
n

k

)p
kmλk (3)

in which m, n and p are nonnegative integers and λ is real or complex number (cf.
[3, Theorem 1, p. 1333]).

It is well-known that the Fibonacci numbers are integers defined by the following
recurrence relation:

Fn = Fn−1 + Fn−2, (n ≥ 2) (4)

with the initial conditions F0 = F1 = 1 (cf. [1], [2]).
In the case of when α+ β = 1, α− β =

√
5 and αβ = −1, the Fibonacci numbers

satisfy the following formulas:

αn = Fn−1 + αFn, (5)

(cf. [2, Lemma 5.1, p. 78]) and

βn = Fn−1 + βFn, (6)

(cf. [2, Corollary 5.3, p. 78]).

Main Results

By setting m = 0 and p = 1 in (2), we have

y6 (0, n;λ; 1) =
(λ+ 1)

n

n!
. (7)

In this section, by combining (7) with the equations (5) and (6), we present some
relations between the combinatorial numbers y6 (m,n;λ; p) and the Fibonacci num-
bers by the following theorems:

Theorem 1. Let α+ β = 1, α− β =
√

5 and αβ = −1. Then we have

y6 (0, n;−β; 1) =
Fn−1 + αFn

n!
. (8)
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Theorem 2. Let α = 1−
√

5
2 . Then we have

y6 (0, n;α; 1) =
1

n!

n∑
j=0

(
n

j

)
(Fj−1 + αFj) . (9)

Theorem 3. Let α+ β = 1, α− β =
√

5 and αβ = −1. Then we have

y6 (0, n;−α; 1) =
1

n!

n∑
j=0

(
n

j

)
1

Fj−1 + βFj
. (10)

Theorem 4. Let α+ β = 1, α− β =
√

5 and αβ = −1. Then we have

y6 (0, n;−β; 1) =
1

n!

n∑
j=0

(
n

j

)
1

Fj−1 + αFj
. (11)

Combining (8) and (11) yields a recurrence relation for the sequence {Fn−1 +
αFn}∞n=0 by the following corollary:

Corollary 5. Let α = 1−
√

5
2 . Then we have

Fn−1 + αFn =

n∑
j=0

(
n

j

)
1

Fj−1 + αFj
. (12)

Acknowledgement
This study has been supported by the Scientific Research Project Administration

of Akdeniz University (with Project ID No: FBA-2020-5299).

References

[1] L. Comtet, Advanced combinatorics: The art of finite and infinite expansions,
Dordrecht and Boston: D. Reidel Publishing Company; 1974.

[2] T. Koshy, Fibonacci and Lucas numbers with applications, New York, Toronto;
John Wiley&Sons. Inc: 2001.

[3] Y. Simsek, Generating functions for finite sums involving higher powers of bino-
mial coefficients: Analysis of hypergeometric functions including new families of
polynomials and numbers, J. Math. Anal. Appl. 477 (2019), 1328–1352.

[4] H. M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series
and Integrals, Amsterdam, London and New York: Elsevier Science Publishers;
2012.

1Department of Mathematics, Faculty of Science, University of Ak-
deniz, TR-07058 Antalya, Turkey

E-mail : ysimsek@akdeniz.edu.tr

25 Antalya-TURKEY



PROCEEDINGS BOOK OF MICOPAM 2020-2021

Application of the method of compositae

to generating functions in three variables

Dmitry Kruchinin 1, Yuriy Shablya 2, Maria Perminova 3

In this paper, we consider the problem of obtaining explicit formulas for
the coefficients of generating functions. As one of the steps in solving this
problem, we propose to generalize the concept of compositae to the case of
generating functions in three variables. The application of this approach allows
obtaining explicit formulas for the coefficients of a generating function that can
be represented as a composition of generating functions. We also tested the
proposed ideas with several examples.

2010 Mathematics Subject Classifications: 05A15, 40B05
Keywords: Multivariate generating function, Composition, Composita, Coeffi-

cients function, Explicit formula

Introduction

Generating functions play an important role in solving different problems in pure
and applied mathematics [5]. There is a large number of research papers devoted to
the study of ordinary generating functions. However, studies that deal with complex
structures defined by generating functions in several variables are becoming more
common [2, 3, 1]. Therefore, there is a need to develop methods for handling such
multivariate generating functions.

A multivariate generating function is the following formal power series:

F (x, y, . . . , z) =
∑
n≥0

∑
m≥0

. . .
∑
l≥0

f(n,m, . . . , k)xnym · · · zl.

The composita F∆(n,m, . . . , l, k) of a multivariate generating function F (x, y, . . . , z)
with ord(F ) ≥ 1 is a coefficients function of the k-th power of the generating function
F (x, y, . . . , z) [4]:

F (x, y, . . . , z)k =
∑
n≥0

∑
m≥0

. . .
∑
l≥0

F∆(n,m, . . . , l, k)xnym · · · zl.

For k = 0 we get F (x, y, . . . , z)0 = 1.
In this research, we propose to generalize the concept of compositae to the case of

generating functions in three variables.

Main Results

A generating function in three variables is the following formal power series:

F (x, y, z) =
∑
n≥0

∑
m≥0

∑
l≥0

f(n,m, l)xnymzl.
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Using the concept of compositae, the k-th power of the generating function F (x, y, z),
with ord(F ) ≥ 1, can be presented as follows:

F (x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

F∆(n,m, l, k)xnymzl.

The following theorem shows a possible way to obtain explicit formulas for the
coefficients of a generating function that is represented as a composition of generating
functions. In this case, the process of obtaining these formulas is associated with the
use of compositae of generating functions and the convolution operation.

Theorem 1. Suppose that:

H(x, y, z) =
∑
n≥0

∑
m≥0

∑
l≥0

h(n,m, l)xnymzl,

A(x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

A∆(n,m, l, k)xnymzl, ord(A) ≥ 1,

B(x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

B∆(n,m, l, k)xnymzl, ord(B) ≥ 1,

C(x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

C∆(n,m, l, k)xnymzl, ord(C) ≥ 1.

Then, the coefficients g(n,m, l) of the composition of generating functions in three
variables

G(x, y, z) = H(A(x, y, z), B(x, y, z), C(x, y, z)) =

=
∑
n≥0

∑
m≥0

∑
l≥0

g(n,m, l)xnymzl

are equal to

g(n,m, l) =

n+m+l∑
ka=0

n+m+l−ka∑
kb=0

n+m+l−ka−kb∑
kc=0

h(ka, kb, kc) d(n,m, l, ka, kb, kc),

where

d(n,m, l, ka, kb, kc) = [xnymzl](A(x, y, z)kaB(x, y, z)kbC(x, y, z)kc).

Next we consider some special cases of applying Theorem 1.

Corollary 2. Suppose that:

H(x) =
∑
n≥0

h(n)xn,

A(x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

A∆(n,m, l, k)xnymzl, ord(A) ≥ 1.

Then, the coefficients g(n,m, l) of the composition of generating functions in three
variables

G(x, y, z) = H(A(x, y, z)) =
∑
n≥0

∑
m≥0

∑
l≥0

g(n,m, l)xnymzl

are equal to

g(n,m, l) =

n+m+l∑
k=0

h(k) [xnymzl](A(x, y, z)k) =

n+m+l∑
k=0

h(k)A∆(n,m, l, k).
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Corollary 3. Suppose that:

H(x, y) =
∑
n≥0

∑
m≥0

h(n,m)xnym,

A(x, y, z)k =
∑
n≥0

∑
m≥0

∑
l≥0

A∆(n,m, l, k)xnymzl, ord(A) ≥ 1.

Then, the coefficients g(n,m, l) of the composition of generating functions in three
variables

G(x, y, z) = H(A(x, y, z), y) =
∑
n≥0

∑
m≥0

∑
l≥0

g(n,m, l)xnymzl

are equal to

g(n,m, l) =

n+m+l∑
ka=0

n+m+l−ka∑
kb=0

h(ka, kb) [xnymzl](A(x, y, z)kaykb) =

=

n+m+l∑
ka=0

n+m+l−ka∑
kb=0

h(ka, kb)A
∆(n,m− kb, l, k).

In a similar way, we can consider any other variants of compositions of generating
functions, where the result is a generating function in three variables.

Conclusion

In this paper, we consider the method of compositae that allows obtaining explicit
formulas for the coefficients of compositions of generating functions. The effectiveness
of applying this method is shown in obtaining explicit formulas for many ordinary gen-
erating functions. In this paper, we propose to generalize the concept of compositae
to the case of generating functions in three variables.
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Some identities derived from the

application of the Volkenborn integral to

the Abel’s binomial theorem

Irem Kucukoglu 1

In this talk, by applying the Volkenborn (i.e. bosonic p-adic) integral to the
Abel’s generalization of the binomial theorem, we derive some identities contain-
ing the Bernoulli polynomials, the falling factorial and the Abel polynomials.
Finally, we end the paper with a conclusion on our results and planned future
studies.

2010 Mathematics Subject Classifications: 05A10, 05A15, 11B65, 11B68,
11B83, 11S23, 11S80

Keywords: Abel’s binomial theorem, Abel polynomials, Bernoulli polynomials,
Falling factorial, p-adic integral

Introduction

Up to the present, studies on generalizations of the binomial theorem have been
conducted by miscellaneous researchers such as Abel [1], Comtet [2, p. 128], Hurwitz
[4], Riordan [10, p. 18, Eq.-(13)], Roman [11], Saslaw [12, p. 589] and the others we
haven’t mentioned here. Among these researchers, Abel [1] introduced a generaliza-
tion of the binomial theorem (so-called the Abel’s binomial theorem) by the following
formula:

(x+ y)
n

=

n∑
k=0

(
n
k

)
x (x− kz)k−1

(y + kz)
n−k

(1)

in which x, y and z are arbitrary quantities and n is a nonnegative integer (cf. [1], [2,
p. 128]).

Observe that the substitution of z = 0 into (1) yields the well-known binomial
theorem.

The Abel polynomials, ak (x, z), are defined by the following explicit formula:

ak (x, z) =
x (x− kz)k−1

k!
(2)

where k ∈ N0 (cf. [10], [11]).
First few values of the polynomials ak (x, z) are given as follows:

a0 (x, z) = 1, a1 (x, z) = x,

a2 (x, z) =
x (x− 2z)

2!
, a3 (x, z) =

x (x− 3z)
2

3!
,

and so on (cf. [10], [11]).
The Abel poynomials satisfy the following higher-order partial differential equa-

tion:
∂j

∂xj
{ak (x, z)} = ak (x− jz, z) (3)
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(cf. [2]).
It is known from the book of Roman [11] that the Abel polynomials is of a con-

nection with geometric probability, such as the random placement of nonoverlapping
arcs on a circle. In recent years, the Abel poynomials have been studied in various
ways. For instance, Kim et al. [6] used the technique of umbral calculus to derive
some identities containing the Bernoulli, the Euler and the Abel polynomials.

In this paper, by applying the p-adic integral to the Abel’s binomial theorem, we
derive new and interesting results involving not only the Abel polynomials, but also
the Bernoulli polynomials.

To prove the results of this paper, we need the following notations and definitions
associated with the p-adic integration.

Let Zp be the set of p-adic integers and h be a uniformly differentiable function
on Zp. Then, the Volkenborn (i.e. bosonic p-adic) integral of the function h is defined
by ∫

Zp

h (x) dµ1 (x) = lim
N→∞

1

pN

pN−1∑
s=0

h (s) (4)

where µ1 (x) denotes the Haar distribution defined as

µ1 (x) = µ1

(
x+ pNZp

)
=

1

pN
(5)

(cf. [13]; see also [7], [8], [9]).
The Volkenborn (i.e. bosonic p-adic) integral representation of the Bernoulli poly-

nomials Bn(x) is given by

Bn (x) =

∫
Zp

(x+ y)
n
dµ1 (y) (6)

(cf. [7], [8], [13]), such that the Bernoulli polynomials Bn(x) are defined by means of
the following exponential generating function:

tetx

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
(7)

where |t| < 2π (cf. [2]-[15]).
For more identities and relations derived from p-adic integration techniques, refer

to the works of Kim [7], [8], [9], Schikhof [13], and Simsek [14].

Main Results

In this section, main results of this study are presented.
By applying the Volkenborn (i.e. bosonic p-adic) integral to (1), we get∫

Zp

(x+ y)
n
dµ1 (y) =

n∑
k=0

(
n
k

)
x (x− kz)k−1

∫
Zp

(y + kz)
n−k

dµ1 (y) . (8)

Combining the above equation with (2) and (6) yields a relation, between the Bernoulli
polynomials and the Abel polynomials, given by the following theorem:
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Theorem 1. Let n be a nonnegative integer. Then we have

Bn (x) =

n∑
k=0

(n)k ak (x, z)Bn−k (kz) , (9)

in which (n)k corresponds to the falling factorial defined by

(n)k = n (n− 1) . . . (n− k + 1)

with (n)0 = 1.

Substituting (2) in (9) yields the following corollary:

Corollary 2. Let n be a nonnegative integer. Then we have

Bn (x) =

n∑
k=0

(
n
k

)
x (x− kz)k−1

Bn−k (kz) . (10)

Taking m-times derivative of both sides of (9), with respect to x, we get the
following partial differential equation:

dm

dxm
{Bn (x)} =

n∑
k=0

(n)k Bn−k (kz)
dm

dxm
{ak (x, z)}.

Using the fact that Bernoulli polynomials constitute an Appell sequence, and by
(3), we arrive at the following theorem:

Theorem 3. Let n be a nonnegative integer and m be a positive integer. Then we
have

Bn (x) =
1

(n+m)m

n+m∑
k=0

(n+m)k Bn+m−k (kz) ak (x−mz, z) . (11)

Substituting (2) in (11) yields the following corollary:

Corollary 4. Let n be a nonnegative integer and m be a positive integer. Then we
have

Bn (x) =
x−mz

(n+m)m

n+m∑
k=0

(
n+m
k

)
Bn+m−k (kz) (x− z(m+ k))

k−1
. (12)

Conclusion

In this study, by applying the Volkenborn (i.e. bosonic p-adic) integral to the
Abel’s generalization of the binomial theorem, some identities, involving the Bernoulli
polynomials, the falling factorial and the Abel polynomials, have been obtained. In
future studies, it is planned to investigate the relations of these identities with other
special sequences and polynomials and to obtain new results that may affect scientists
working in the relevant fields.
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An analog of Lagrange’s theorem for

enveloping algebras

Shadi Shaqaqha 1

The aim of this paper is to use Schreier’s formula for free Lie algebras to
obtain an analouge of Lagrange’s theorem for the universal enveloping algebras
of free Lie algebras in term’s of characters.

2010 Mathematics Subject Classifications: 16S30, 17B01, 17B65, 17B70
Keywords: Lagrange’s theorem, Graded algebras, Enveloping algebra, Free Lie

algebra, Schreier’s Formula, Character formula

Introduction

Let F be a ground field. A Lie algebra over the field F is a vector space L, together
with a F -bilinear mapping L × L → L : (x, y) 7→ [x, y] called a Lie product (or Lie
bracket), and satisfying the following two identities, for any x, y, z ∈ L:

(i) [x, x] = 0 (this identity implies antisymmetry, that is [x, y] = −[y, x]).

(ii) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity).

Subalgebras of Lie algebras and homomorphisms (or isomorphisms) between Lie al-
gebras are defined as usual.
Recall that any associative algebra A over F , with a bracket [x, y] = xy − yx for
x, y ∈ X, is a Lie algebra; it will be denoted by A−. The universal enveloping
algebra of a Lie algebra L is a pair (U, ε), where U is an associative unital alge-
bra and ε : L → U− is a homomorphism of Lie algebras, and for every associative
unital algebra B and for every homomorphism f : L → B− there exists a unique
homomorphism of unital algebras F : U → B such that F ◦ ε = f . Also, a well
known theorem, Poincare-Birkhoff-Witt (PBW) theorem, states that if {ei : i ∈ I}
is any basis of a Lie algebra L with ordered index set I, then the set of monomials{
ek1
i1
. . . eknin : i1 < . . . < in, kj ∈ N ∀j = 1, . . . , n

}
forms a basis of the enveloping al-

gebra U(L) ([8]).
Given a nonempty set X, a free Lie algebra on X over F is a Lie algebra L over
F , together with a mapping i : X → L, with the following universal property: for
any Lie algebra K and any mapping f : X → K, there exists a unique Lie algebra
homomorphism F : L→ K such that f = F ◦ i ([7]).
Lagrange’s theorem states that if G is a group, and K is any subgroup of G, then the
group algebra FG is free as an (left) FK-module ([6]). Indeed this follows from the
fact if G is a finite group, then |K| divides |G|.
Suppose G is an abelian semigroup written multiplicatively. A G-graded algebra is
an algebra R together with a direct sum decomposition of the form R =

⊕
g∈GRg,

where each Rg is a subspace and RgRh ⊆ Rgh for all g, h ∈ G. A nonzero element
r ∈ R is called homogeneous if there is g ∈ G such that r ∈ Rg (we write d(r) = g).
A subspace H ⊆ R is said to be homogeneous if H =

⊕
g∈GHg where Hg = H ∩Rg.

34 Antalya-TURKEY



PROCEEDINGS BOOK OF MICOPAM 2020-2021

By a G-graded vector space we mean a vector space V together with a direct sum
decomposition V =

⊕
g∈G Vg. Let V and W be G-graded vector spaces. A linear

map f : V → W is called homogeneous of degree h ∈ G if for all g ∈ G, we have
f(Vg) ⊆ Whg. In particular, a homogeneous linear map of degree 1G ∈ G is called a
degree preserving map.
A well-known theorem, due to Nielsen and Schreier, states that every subgroup of a
free group is again free. A corresponding result for Lie algebras was later obtained
independently by Shirshov [9] and Witt [10]. The Schreier index formula states that if
G is a free group of rank n, and K is a subgroup of finite index in G, then the rank of
K is given by rank(K) = (n− 1) [G : K] + 1. There are no straightforward analogues
of Schreier index formula in the case of free Lie algebra, even with finitely many gen-
erators. To obtain the desired formulas, one can replace numbers with characters,
as follows. Let Λ be a countable additive abelian semigroup satisfying the following
conditions:

1. finiteness condition: each element λ ∈ Λ can be written as a sum of other
elements only in finitely many ways,

2. Λ is well ordered by ≤ such that if λ < µ, then λ+ γ < µ+ γ for all λ, µ, γ ∈ Λ,
and also λ+ µ > λ for all λ, µ ∈ Λ (such semigroups are called positive).

Let U =
⊕

λ∈Λ Uλ be a Λ-graded space. The character of U is defined by chΛU =∑
λ∈Λ(dimUλ)eλ. It is an element in Q[[Λ]] whose basis consists of symbols eλ, λ ∈ Λ

with the multiplication eλeµ = eλ+µ for all λ, µ ∈ Λ. By a Λ-graded set we mean a
disjoint union X =

⋃
λ∈ΛXλ. If in addition, we have |Xλ| <∞ for all λ ∈ Λ, then we

define its character chΛX =
∑
λ∈Λ |Xλ| eλ ∈ Q[[Λ]]. For an element x ∈ Xλ ⊆ X, we

say Λ-weight of x is λ, and we write wtΛx = λ. We call such a set Λ-finitely graded
(if Λ = N, then we say X is a finitely graded set). For any monomial y = x1 . . . xn,
where xj ∈ X, we set wtΛy = wtΛx1 + · · · + wtΛxn. Suppose Y is a set of all
monomials (associative, Lie, . . . ) in X. We denote Yλ = {y ∈ Y | wtΛy = λ}. Also,
the Λ-generating function of Y is chΛ(Y ) =

∑
λ∈Λ |Yλ| eλ ∈ Q[[Λ]].

Lemma 1 ([4]). Let X =
⋃
λ∈ΛXλ be a Λ-graded set with |Xλ| <∞, λ ∈ Λ, and let

F 〈X〉 be the free associative algebra generated by X. Then

chΛ̄F 〈X〉 =

∞∑
n=0

(chΛX)n =
1

1− chΛX
.

Gradings U =
⊕

λ∈Λ Uλ and V =
⊕

λ∈Λ Vλ induce gradings on the spaces U ⊕ V
and U ⊗ V : (U ⊕ V )λ = Uλ ⊕ Vλ; (U ⊗ V )λ =

∑
λ=µ+ν(Uµ ⊗ Vν) (by finiteness

condition the sum is finite). The following theorem holds.

Theorem 2. chΛ(U ⊕ V ) = chΛU + chΛV , and chΛ(U ⊗ V ) = chΛUchΛV .

We consider Λ-graded Lie algebra L =
⊕

λ∈Λ Lλ with dimLλ < ∞ ∀λ ∈ Λ.
Let K ⊆ L be a not necessarily homogeneous subalgebra of L. For k ∈ K, we
consider its decomposition into homogeneous components k = kλ1

+ · · ·+kλn , λi ∈ Λ,
λ1 ≤ · · · ≤ λn, kλn 6= 0. In this case we write deg(k) = λn. Also, K has a filtration
(as an algebra)

⋃
λ∈ΛK

λ where Kλ = K ∩ (
⊕

θ≤λ Lθ), λ ∈ Λ. Also, the factor-space

L/K acquires a factor-filtration given by (L/K)λ = (Lλ + K)/K ∼= Lλ/(K ∩ Lλ).
Denote Kλ− = K ∩ (

⊕
θ<λ Lθ), λ ∈ Λ, then, one can construct a graded algebra grK

as follows: set grK =
⊕

λ∈Λ∪{0}K
λ/Kλ− as a vector space (set K0 = {0}), and

define multiplication as:

Kλ/Kλ− ×Kθ/Kθ− → Kλ+θ/K(λ+θ)− : (a+Kλ−)(b+Kθ−) 7→ ab+K(λ+θ)−.
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Then, in the nonhomogeneous case we define characters as: chΛ(K) = chΛ(grK) and chΛ(L/K) =
chΛ(L/grK).

Theorem 3 ([4]). Let L be a free Lie algebra generated by a Λ-graded set X =⋃
λ∈ΛXλ where |Xλ| < ∞ for all λ ∈ Λ. If K is a subalgebra of L, then there exists

a set of free generators Y of K such that

chΛY = (chΛX − 1)E(chΛL/K) + 1,

where

E :
∑
λ∈Λ

hλe
λ 7→ 1∏

λ∈Λ(1− eλ)hλ
,

Moreover, if K is homogeneous, then any homogeneous set of free generators satisfies
this equality.

An important special case is Λ = N where Q[[Λ]] is the algebra of formal power
series in one variable (without constant term), and we denote here t by et ([3]).

Main Results

We start with the following lemma that will be used in the proof of the main
theorem.

Lemma 4 ([2, p.47]). The universal enveloping algebra of the free Lie algebra L(X)
is the free associative algebra of X.

Proposition 5. Suppose that A =
⊕

λ∈ΛAλ is a Λ-graded algebra with no homoge-
neous zero divisors, and B is a subalgebra of A. If A is a free (left) B module with a
Λ-homogeneous basis C, then dimAλ =

∑
λ=µ+ν |Cµ||Bν |.

Proof. For each λ ∈ Λ, Aλ = span {c.b | c ∈ C, b ∈ B, and deg(c) + deg(b) = λ}.
Therefore, dimAλ =

∑
λ=µ+ν |Cµ||Bν |. �

The argument used in the proof of the proposition above is not true in general. For
example, if A = F < x > with the standard grading, and B = F < x2 >, then
{x− 1, x+ 1} is a basis of A as a B-module. But A0 is not spanned by the set in the
formula given in the proof.

Corollary 6. Suppose that A =
⊕

λ∈ΛAλ is a Λ-graded algebra with no homogeneous
zero divisors, and B is a subalgebra of A. If A is a free (left) B module with a Λ-
homogeneous basis C, then chΛA = chΛCchΛB.

Let L be a Lie algebra, and let K be any subalgebra of L. Then, using the proof
of PBW-theorem ([1]), one can see that the universal enveloping algebra U(L) is free
as an (left) U(K)-module with a homogeneous basis.

Theorem 7. Let L be a free Lie algebra generated by a Λ-graded set X =
⋃
λ∈ΛXλ

where |Xλ| < ∞ for all λ ∈ Λ, K is a subalgebra of L, and C is a basis of the
universal enveloping algebra of L, U(L), as a free (left) U(K)-module. Then, chΛC =
E (chΛL/K).

Proof. By Theorem 3, let Y be a basis of K such that

chΛY = (chΛX − 1)E(chΛL/K) + 1.
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Also, by Lemma 4 , the universal enveloping algebras of L and K are the free asso-
ciative algebras on X and Y , respectively. Denote the free associative algebras of X
and Y by F 〈X〉, and F 〈Y 〉, respectively. By Lemma 1,

chΛ̄F 〈X〉 =
1

1− chΛX
and chΛ̄F 〈Y 〉 =

1

1− chΛY
.

Therefore
1

1− chΛX
=

chΛC

1− ((chΛX − 1)E (chΛL/K) + 1)
.

From the previous equation, we get

chΛC = E (chΛL/K) .

�

Conclusion

If H is a subgroup of a finite group G, then the number of (left) cosets of H in G
(index) is |G|/|H|. We obtain similar formula for enveloping algebras of Lie algebras
by replacing the index with characters.
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On the generalized Tribonacci sequences

Ortaç Öneş 1, Mustafa Alkan 2

In this study, a general recurrence relation for some well-known numbers
and polynomials is defined. Sequences of some numbers and polynomials are
examined by means of this new definition.

2010 Mathematics Subject Classifications: 05A19, 11B39
Keywords: Integral domain, Tribonacci Numbers and Polynomials

Introduction

Horadam defined Horadam numbers (Horadam polynomials) as follows:

hn = phn−1 − qhn−2 (n ≥ 3)

with the initial conditions w0 = a, w1 = b (h1 = a, and h2 = bx) ([7]).
The Tribonacci sequence in [10] is defined as Tn = Tn−1 + Tn−2 + Tn−3 for n ≥ 4

with the initial conditions T1 = T2 = 1 and T3 = 2. Then, B. Rybolowicz and A.
Tereszkiewicz generalized this concept to Tribonacci polynomial, Tricobstal numbers
and polynomials, separately and they gave the generalized Binet formula for these
sequences ([12]).

An integral domain plays an important role in ring theory. In an integral domain,
every nonzero element has the cancellation property and so an integral domain pro-
vides a natural setting to study divisibility. Polynomial rings over integral domain is
integral domain. Thus this study deals with the sequences in an integral domain.

In this study, we give a general recurrence relation for these numbers and polyno-
mials. Therefore, we observe that all definitions of sequences of well-known numbers
and polynomials such as Lucas numbers and polynomials, Pell numbers and poly-
nomials, Pell-Lucas numbers and polynomials, Jacobsthal numbers and polynomials,
Jacobsthal-Lucas numbers and polynomials, Chebyshev numbers and polynomials
coincide each other at a suitable initial condition in a domain.

Tribonacci squences

Definition 1. Let p, q, r, a and b be elements of an integral domain R. Then, for a
positive integer n > 2, the recurrence relation is defined as

wn+1 = pwn + qwn−1 + rwn−2,

where w0 = a,w1 = b, w2 = pw1 + qw0. It is said that

w = {wn+1 = pwn + qwn−1 + rwn−2 : n ∈ Z+, n > 2}

is the sequence of p, q, r with a, b on an integral domain R denoted by wn(a, b, p, q, r)
or briefly {wn}.
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In this study, we fix notations in Definition 1. This definition also generalizes to
all the Horadam numbers (Horadam polynomials) in [7], Tribonacci and Tricobstal
numbers and polynomials.

If any two of p, q, r are zero, then the sequence {wn+1 = pnw1 : w1 = b, n ∈ Z+}
is a geometric sequence. For example, if q = r = 0, then w = {wn+1 = pnw1 : w1 = b,
n ∈ Z+} is a geometric sequence.

If p 6= 0, q 6= 0 and r = 0, then the Definition 1 coincides with the definition in [1,
Definition 1.1, p. 61].

In this study, we assume that r is non zero. Then for an integer n, we have the
relation as follows:

rwn = (wn+3 − pwn+2 − qwn+1) .

If r−1 is in R, then w−1 is in R and so the sequence is extended to w = {wn : n ∈ Z}
on R. Thus we assume that r is invertible in the domain R.

By Definition 1, it is computed that

w−2 =
b− pa
r

, w−1 = 0, w2 = pb+ qa,

w3 = (p2 + q)b+ (pq + r)a,

w4 = (p3 + 2pq + r)b+ (p2q + pr + q2)a,

w5 = (p4 + q2 + 3p2q + 2pr)b+ (p3q + 2pq2 + p2r + 2qr)a

For the initial values a = 0 and b = 1, we use the notation kn instead of wn. Thus
we have the relation as follows:

k−2 =
1

r
, k−1 = 0, k0 = 0,

k1 = 1, k2 = p,

k3 = p2 + q,

k4 = p3 + 2pq + r,

k5 = p4 + q2 + 3p2q + 2pr

Substituting the parameters, we attain some well-known sequences in the literature
such as Pell, Jacobsthal, Fermat, Chebyshev, Morgan-Voyce, Delannoy, Gegenbauer,
Humbert, Kinney, Legendre, Liouville, Pincherle and so on.

Remark 1. Let R be the ring of integers (R = Z) and r = 0. Then we have

p q a b wn is sequence of numbers

1 1 0 1 the Fibonacci number
1 1 2 1 the Lucas number
2 1 0 1 the Pell number
1 1 2 2 Pell-Lucas number
1 2 2 1 the Jacobsthal-Lucas number

Remark 2. Let R be the polynomial ring of integers (R = Z[x]) and r = 0. Then
we have
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p q a b wn is sequence of polynomials

x 1 0 1 the Fibonacci polynomial
x 1 2 1 the Lucas polynomial
3x −2 2 1 the Jacobstal polynomial
2x −1 0 1 the Chebyshev 2nd kind polynomial
x+ 2 −1 0 1 the Morgan-Voyce polynomial
x+ 1 −2 0 1 the Delannoy polynomial

Remark 3. Let R be the ring of integers (R = Z). Then we have

p q r a b wn is sequence of numbers

1 1 1 0 1 the Tribonacci number
1 1 1 1 1 the Tricobsthal number

Remark 4. Let R be the polynomial ring of integers (R = Z[x]). Then we have

p q r a b wn is sequence of polynomials

x2 x 1 0 1 the Tribonacci polynomial
1 x x2 1 1 the Tricobsthal polynomial

Let us define the following matrix

W (n) =

 wn+1 wn wn−1

wn wn−1 wn−2

wn−1 wn−2 wn−3

 .

Hence, we have that W (0) =

 w1 w0 w−1

w0 w−1 w−2

w−1 w−2 w−3

.

Lemma 2. For any integer n, we have the following relation

KW (n− 1) = W (n),

where K =

 p q r
1 0 0
0 1 0

.

Proof. By Definition 1, we get that wn+1 = pwn + qwn−1 + rwn−2 and
wn = pwn−1+qwn−2+rwn−3 for n > 3. Then it follows that KW (n−1) = W (n).
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Some new summation formulas obtained

with the Christoffeel-Darboux identity for

orthogonal polynomials and the using of

fractional operator zO
α
β

Richard Tremblay 1

In the field of special functions, the theory related to orthogonal polyno-
mials and multiple orthogonal polynomials is fundamental. There are several
formulas and many useful applications in mathematical physics, numerical anal-
ysis, statistics and probability and many other disciplines. For example, Tygert
obtains two new similar identities for the Bessel functions of the well-known
formula of Christoffel-Darboux. In this paper, we obtain several summation for-
mulas involving orthogonal polynomials using the well-poised fractional operator
defined in terms of the fractional derivative,

zO
α
β f(z) =

Γ(β)

Γ(α)
z1−βDα−β

z zα−1f(z),

which has been used previously in several papers involving special functions.

2010 Mathematics Subject Classifications: 26A33, 42C05, 33C45, 33C20,
33C10

Keywords: Fractional derivatives, Fractional Operator O , Special Functions,
Orthogonal Polynomials, Christoffel-Darboux Inentity
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Remarks and some formulas on Fubini type

numbers and polynomials

Neslihan Kilar 1

The main motivation of this paper is to give some formulas and identities for
the Fubini type numbers and polynomials. By using generating functions and
their functional equations technique, we derive not only interesting relations
but also some other identities associated with the Fubini type numbers and
polynomials, the Frobenius-Euler polynomials, and Apostol type numbers and
polynomials. Consequently, the results of this paper may be potentially used in
many fields such as mathematics and mathematical physics.

2010 Mathematics Subject Classifications: 05A15, 05A19, 11B73
Keywords: Apostol-Euler numbers and polynomials, Apostol-Genocchi numbers

and polynomials, Frobenius-Euler numbers and polynomials, Fubini type numbers and
polynomials, Generating function

Introduction

Recently, the special numbers and polynomials, especially the Fubini type num-
bers and polynomials, have wide been used to solve combinatorial problems. These
type numbers which may be computed via a summation formula including binomial
coefficients, or a recurrence relation are count the number of weak orderings, the
possible outcomes of a selection with multiple candidates, and others. Thus, in this
paper, our motivation is to give some formulas and relations by many applications of
the Fubini type numbers and polynomials. In order to give main results of this paper,
here, we first remind some definitions and notations related to special numbers and
polynomials and their generating functions.

Let N = {1, 2, 3, ...}, N0 = N∪{0}, Z denote the set of integers, C denote the set of
complex numbers. For n ∈ N and v ∈ C, (v)n =

(
v
n

)
n! = v (v − 1) (v − 2) ... (v − n+ 1)

with (v)0 = 1 (cf. [1]-[16]).
The Apostol-Euler polynomials of higher order are defined by

FAE (t, k, x;λ) =

(
2

λet + 1

)k
ext =

∞∑
n=0

E(k)
n (x;λ)

tn

n!
, (1)

where |t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1, k ∈ N0 and λ ∈ C, and also
for x = 0, the Apostol-Euler polynomials of higher order reduce to the Apostol-Euler
numbers of higher order:

E(k)
n (0;λ) = E(k)

n (λ)

(cf. [9], [10], [12], [15]; see also the references cited therein).
The Apostol-Genocchi polynomials of higher order are defined by

FAG (t, k, x;λ) =

(
2t

λet + 1

)k
ext =

∞∑
n=0

G(k)
n (x;λ)

tn

n!
, (2)
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where |t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1, k ∈ N0 and λ ∈ C, and also
for x = 0, the Apostol-Genocchi polynomials of higher order reduce to the Apostol-
Genocchi numbers of higher order:

G(k)
n (0;λ) = G(k)

n (λ)

(cf. [10], [15], [16]; see also the references cited therein).
The Frobenius-Euler polynomials of higher order are defined by

FE (t, k, x;u) =

(
1− u
et − u

)k
ext =

∞∑
n=0

H(k)
n (x;u)

tn

n!
, (3)

where u ∈ C\ {1}, k ∈ N0 and for x = 0, the Frobenius-Euler polynomials of higher
order reduce to the Frobenius-Euler numbers of higher order:

H(k)
n (0;u) = H(k)

n (u)

(cf. [2], [7], [8], [11], [13], [14], [15]; see also the references cited therein).
By using (1) and (3), we have the following well-known relation:

H(k)
n (x; 2) = 2−2kE(k)

n

(
x;−1

2

)
. (4)

The Fubini type polynomials of higher order are defined by

Fa (t, k, x) =
2k

(2− et)2k
ext =

∞∑
n=0

a(k)
n (x)

tn

n!
, (5)

where |t| < ln 2, k ∈ N0 and for x = 0, the Fubini type polynomials of higher order
reduce to the Fubini type numbers of higher order:

a(k)
n (0) = a(k)

n

(cf. [4]; see also [3], [5], [6]).
By using (5), we have

a(k)
n (x) =

n∑
v=0

(
n

v

)
a(k)
v xn−v (6)

(cf. [4]; see also [3], [5], [6]).

Main Results

In this section, by using generating functions and their functional equations, we
obtain some formulas and relations including the Fubini type numbers and polynomi-
als, the Apostol-Euler numbers and polynomials, the Apostol-Genocchi numbers and
polynomials, and the Frobenius-Euler numbers and polynomials.

Theorem 1. Let n ∈ N0. Then we have

a(k)
n (w + y) = 2−3k

n∑
j=0

(
n

j

)
E(k)
j

(
w;−1

2

)
E(k)
n−j

(
y;−1

2

)
. (7)
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Proof. Using (1) and (5), we derive the following functional equation:

Fa (t, k, w + y) =
1

23k
FAE

(
t, k, w;−1

2

)
FAE

(
t, k, y;−1

2

)
.

From the above equation, we get

∞∑
n=0

a(k)
n (x+ y)

tn

n!
=

1

23k

∞∑
n=0

E(k)
n

(
w;−1

2

)
tn

n!

∞∑
n=0

E(k)
n

(
y;−1

2

)
tn

n!
.

Therefore
∞∑
n=0

a(k)
n (x+ y)

tn

n!
=

1

23k

∞∑
n=0

n∑
j=0

(
n

j

)
E(k)
j

(
w;−1

2

)
E(k)
n−j

(
y;−1

2

)
tn

n!
.

Comparing the coefficients of t
n

n! on both sides of the above equation, we arrive at the
desired result.

Combining (7) with (4), we have the following theorem:

Theorem 2. (cf. [3]) Let n ∈ N0. Then we have

a(k)
n (w + y) = 2k

n∑
j=0

(
n

j

)
H

(k)
j (w; 2)H

(k)
n−j (y; 2) . (8)

Remark 5. Substituting y = 0 into (8), we obtain the following formula for the
Fubini type polynomials of order k:

a(k)
n (w) = 2k

n∑
j=0

(
n

j

)
H

(k)
j (w, 2)H

(k)
n−j (2) ,

where n ∈ N0 (cf. [3]).

By using (7), after some elementary calculations, we arrive at the following theo-
rem:

Theorem 3. Let n ∈ N0. Then we have

a(k)
n (w + y) =

1

23k
E(2k)
n

(
w + y;−1

2

)
. (9)

Substituting w = 0 into (9), we have the following corollary:

Corollary 4. Let n ∈ N0. Then we have

a(k)
n (y) =

1

23k
E(2k)
n

(
y;−1

2

)
. (10)

Corollary 5. If substitute y = 0 into (10), then we get the Fubini type numbers of
order k:

a(k)
n =

1

23k
E(2k)
n

(
−1

2

)
,

where n ∈ N0 (cf. [3]).

By using (2) and (5), we arrive at the following corollary:

Corollary 6. (cf. [3]) Let n ∈ N0. Then we have

a(k)
n (y) =

G(2k)
n+2k

(
y;− 1

2

)
23k (n+ 2k)2k

.
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Direct and inverse Fueter-Sce-Qian

mapping theorem and spectral theories

Fabrizio Colombo 1

In classical complex operator theory, the Cauchy formula of holomorphic
functions is a fundamental tool for defining functions of operators. Moreover,
the Cauchy-Riemann operator factorizes the Laplace operator, so holomorphic
functions play also a crucial role in harmonic analysis and in boundary value
problems. In higher dimensions, for quaternion-valued functions or more in
general for Clifford-algebra-valued functions, there appear two different notions
of hyper-holomorphicity. The first one is called slice hyperholomorphicity and
the second one is known under different names, depending on the dimension
of the algebra and the range of the functions: Cauchy-Fueter regularity for
quaternion-valued functions and monogenicity for Clifford-algebra-valued func-
tions. The Fueter-Sce-Qian mapping theorem reveals a fundamental relation
between the different notions of hyperholomorphicity and it can be illustrated
by the following two maps

F1 : Hol(Ω) 7→ N (U) and F2 : N (U) 7→ AM(U).

The map F1 transforms holomorphic functions in Hol(Ω), where Ω is a suitable
open set Ω in C, into intrinsic slice hyperholomorphic functions in N (U) defined
on the open set U in H. Applying the second transformation F2 to intrinsic
slice hyperholomorphic functions, we get axially Fueter-regular resp. axially
monogenic functions. Roughly speaking the map F1 is defined as follows:

1. We consider a holomorphic function f(z) that depends on a complex vari-
able z = u+ ιv in an open set of the upper complex halfplane. (In order to
distinguish the imaginary unit of C from the quaternionic imaginary units,
we denote it by ι). We write

f(z) = f0(u, v) + ιf1(u, v),

where f0 and f1 are R-valued functions that satisfy the Cauchy-Riemann
system.

2. For suitable quaternions q, we replace the complex imaginary unit ι in
f(z) = f0(u, v) + ιf1(u, v) by the quaternionic imaginary unit =(q)

|=(q)| and

we set u = <(q) = q0 and v = |=(q)|. We then define

f(q) = f0(q0, |=(q)|) +
=(q)

|=(q)|f1(q0, |=(q)|).

The function f(q) turns out to be slice hyperholomorphic by construction.

When considering quaternion-valued functions, the map F2 is the the Laplace
operator, i.e. F2 = ∆. When we work with Clifford-algebra-valued functions
then F2 = ∆

(n−1)/2
n+1 , where n is the number of generating units of the Clifford

algebra and ∆n+1 is the Laplace operator in dimension n + 1. The Fueter-
Sce-Qian mapping theorem can be adapted to the more general case in which
N (U) is replaced by slice hyperholomorphic functions and the axially regular
(or axially monogenic) functions AM(U) are replaced by monogenic functions.
The generalization of holomorphicity to quaternion or Clifford-algebra-valued
functions produces two different notions of hyper-holomorphicity that are useful
for different purposes. Precisely, we have that:
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(I) The Cauchy formula of slice hyperholomorphic functions leads to the
definition of the S-spectrum and the S-functional calculus for quaternionic linear
operators. Moreover, the spectral theorem for quaternionic linear operators is
based on the S-spectrum.

(II) The Cauchy formula associated with Cauchy-Fueter regularity resp.
monogenicity leads to the notion of monogenic spectrum and produces the
Cauchy-Fueter functional calculus for quaternion-valued functions and the mono-
genic functional calculus for Clifford-algebra-valued functions. This theory has
applications in harmonic analysis in higher dimension and in boundary value
problems.

The main references for these topics are the following books.
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Remarks on infinite series representations

of the certain family of the combinatorial

numbers

Damla Gun 1, Yilmaz Simsek 2

This paper is particularly motivated by the recent paper “Construction of
some new families of Apostol-type numbers and polynomials via Dirichlet char-
acter and p-adic q-integrals, Turkish J. Math. 42 (2018), 557–577” in which,
with aid of generating function method, the following explicit formula for the
numbers Yn (λ) was given:

Yn (λ) =
2 (n!)

λ− 1

(
λ2

1− λ

)n
.

The aim of this paper is to investigate and study not only he numbers Yn (λ), but
also Fibonacchi type numbers and polynomials. Some infinite series representa-
tions of the certain family of the combinatorial numbers involving the numbers
Yn (λ), the Changhee numbers, the Humbert polynomials and Fibonacchi type
numbers and polynomials.
In this presentation, we will give a blend of both survay, some certain families
special numbers and polynomials, and their some known results, including their
properties. Infinite series representations of these special numbers are studied
not only with the help of their generating functions, but also with the aid of their
explicit formulas. Moreover, some new interesting infinite series representations
of these special numbers are given.

2010 Mathematics Subject Classifications: 11B83, 05A15, 12D10, 11B68,
26C05

Keywords: Generating functions, Humbert polynomials, Fibonacchi type num-
bers and polynomials, Combinatorial numbers

Introduction

In this paper, we briefly give the most used generating functions for special num-
bers and polynomials. Using these functions, we also give some properties of these
special numbers and polynomials.

The second author [9] gave the following generating function for the numbers
Yn(λ):

2

λ2t+ λ− 1
=

∞∑
n=0

Yn (λ)
tn

n!
. (1)

Recently many authors have studied on these numbers (cf. [2], [3], [10], [9]). With
the aid of (1), the following explicit formula is given:

Yn (λ) = 2 (−1)
n n!λ2n

(λ− 1)
n+1 (2)
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(cf. [10]).
Substituting λ = −1 into (2), we have the following well-known certain family of

special numbers:
Yn (−1) = (−1)

n+1
Chn (3)

where Chn denotes the Changhee numbers, which are defined by means of the fol-
lowing generating function:

FCh(t) =
2

t+ 2
=

∞∑
n=0

Chn
tn

n!
(4)

(cf. [4]).
These numbers have been studied by many authors (cf. [7], [8], [10]).
By using (4), one has the following the explicit formula for the Changhee numbers

Chn. That is, assuming that | t2 | < 1, we have

∞∑
n=0

Chn
tn

n!
=

∞∑
n=0

(−1)n
(
t

2

)n
.

Therefore

Chn =
(−1)

n
n!

2n
(5)

(cf. [4]).

The Humbert polynomials Π
(α)
n,m (x) are defined by

H(t, x,m;α) =
1

(1−mxt+ tm)
α =

∞∑
n=0

Π(α)
n,m (x) tn (6)

(cf. [1]).
The generating function in (7) provides us with a generalization and unification of

the Fibonacci polynomials and numbers, the Lucas polynomials and numbers, the Pell
polynomials and numbers, the Chebyshev polynomials, the Jacobsthal polynomials,
the Vieta-Lucas polynomials, the Humbert polynomials, the Geganbauer polynomials,
etc., which were considered in many earlier investigations by (among others) Ozdemir
and Simsek [6] and also Ozdemir, Simsek, and Milovanović [5]

1

1− xkt− ymtm+n
=

∞∑
n=0

Gn (x, y, k,m, v) tn. (7)

Infinite series representation of the ratios of the num-
bers Yn (λ) and Chn

In this section, we try to give one of the our results involving infinite series repre-
sentation of the ratios of the numbers Yn (λ) and Chn. That is, by using definitions
of the numbers Yn (λ) and Chn, we have

∞∑
n=0

Yn (λ)

Chn
=

2 (−1)
n n!
λ−1

(
λ2

λ−1

)n
(−1)nn!

2n

.

Thus
∞∑
n=0

Yn (λ)

Chn
=

∞∑
n=0

2

λ− 1

(
2λ2

λ− 1

)n
.
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After some elementary calculations, we get

∞∑
n=0

Yn (λ)

Chn
= −2H

(√
2λ,

1

2
√

2
, 2; 1

)
.

Combining the above equation, we get

∞∑
n=0

Yn (λ)

Chn
= −2

∞∑
n=0

Πn,2

(
1

2
√

2

)(√
2λ
)n

,

where Π
(1)
n,2(x) = Πn,2(x).

Therefore, we arrive at the following theorem:

Theorem 1.
∞∑
n=0

Yn (λ)

Chn
= −

∞∑
n=0

2
n+2

2 Πn,2

(
1

2
√

2

)
λn.

Substituting k = 0, m = 1, v = 1, y = −2, x = 1, t = λ into (7), we also get the
following result:

Corollary 2.
∞∑
n=0

Yn (λ)

Chn
=

∞∑
n=0

Gn (1,−2, 0, 1, 1)λn.

Conclusion

In this study, infinite series containing the ratios of special combinatorial numbers
and new formulas for them are given.

On the other hand, with the aid of the method used here and with the help of the
explicit formulas for the certain family of special combinatorial numbers, we will also
be attempted to obtain many interesting infinite series representations involving the
related numbers and polynomials.
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Some fundamental differences between

octonionic analysis and Clifford analysis

Rolf Sören Kraußhar 1

The aim of this presentation is to shed some light on fundamental differences
between octonionic function theory and Clifford analysis.

On the very first glance one might get the impression that despite of the lack
of associativity in octonions, there are still many similarities between octonionic
function theory on the one hand and function theories treated in the context
of an associative Clifford algebra on the other hand. Both settings apparently
offer a very similar looking generalization of a Cauchy integral formula, Fueter
polynomials, related Taylor series representations and even an argument prin-
ciple together with a Rouche’s and Hurwitz theorem addressing some special
situations. For details we refer the reader for instance to our recent paper [2].

However, the lack of associativity in the octonions completely destroys the
modular structure of the set of octonionic monogenic functions. If f is an
octonionic mononogenic function, then neither α · f or f · α turns out to be in
the kernel of the octonionic Cauchy-Riemann operator if α is a general octonion.
In general, octonionic monogenic functions only exhibit the algebraic structure
of an R-module. It is not an O-module. This seems to represent a serious
obstacle in the development of a theory of octonionic reproducing kernel Hilbert
modules, because all the classical theorems explicitly use the Cauchy-Schwarz
type inequality in their classical proofs.

Since we do not have that, one has to be extremely careful in the considera-
tion of inner products. Notice that even the most fundamental theorems like the
Riesz representation theorem or the existence of an adjoint operator all do rely
on a Cauchy-Schwarz inequality. The latter however does not hold for granted
in the context of octonion-valued inner products.

This lack needs to be carefully taken into account when we want to intro-
duce meaningful generalizations of octonionic monogenic Bergman and Hardy
modules. One effective possibility to overcome this serious problem is to work
with real-valued inner products on the sets of L2-integrable monogenic functions
instead. This treatment namely allows us to apply the corresponding standard
functional analytic results on the real components of the octonionic functions.
Then the deal is to find a suitable way how to lift all the component functions
to one octonionic function. This is a highly non-trivial problem and it has not
yet been solved completely by now. In this presentation we give some explicit
formulas both for the Bergman and Szegö kernels of some special domains, cf.
also our recent paper [4]. In this case we have a global lifting to one explicitly
given octonionic function. Furthermore, we introduce an adjoint of the Cauchy
transform together with some octonionic Kerzman-Stein operators, where or-
thogonality is understood in the sense of a properly chosen real-valued inner
product, see our new paper [1] for details.

In the second part of this paper we also present an application of octonionic
monogenic functions to class field theory that cannot be deduced with methods
from Clifford monogenic functions, either. This represents another really funda-
mental example showing that octonionic function theory really has essentially
different features im comparison to Clifford analysis. The closed multiplicative
structure of octonions namely admit the construction of lattices in R8 that are
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closed under multiplication in R8. So, one can consider corresponding left and
right ideals. They provide us with the natural analogue of lattices with com-
plex multiplications to the eight dimensional setting. Classical number theory
now tells us that the division values of the normalized classical complex ana-
lytic Weierstraß ℘-function are elements from algebraic Galois field extensions
of imaginary quadratic number fields when taking as period lattice a lattice
with complex multiplication. Now the octonionic monogenic analogues of the
Weierstraß ℘-function turns out to play a rather analogues canonical role for
tri-quadratic number fields instead, cf. [3]. This is another essentially different
feature between octonionic monogenic functions and Clifford monogenic func-
tions in R8 and shows that octonionic function theory definitely provides us
with important applications that cannot be proved with methods from associa-
tive Clifford analysis.

Acknowledgements

The work partially contains joint work with Prof. Dr. Denis Constales from Ghent
University.

References

[1] D. Constales and R. S. Kraußhar, Octonionic Kerzman-Stein operators, Complex
Anal. Oper. Theory 15(104) (2021), 23pp.

[2] R. S. Kraußhar, Differential topological aspects in octonionic monogenic function
theory, Adv. Appl. Clifford Algebr. 30(51) (2020), 25pp.

[3] R. S. Kraußhar, Function theories in Cayley-Dickson algebras and number theory,
Milan J. Math. 89(1) (2021), DOI: 10.1007/s00032-021-00325-y, 26pp.

[4] R. S. Kraußhar, Recent and new results on octonionic Bergman and Szegö ker-
nels, Math. Methods Appl. Sci. (2021), https://doi.org/10.1002/mma.7316.

1Fachbereich Fachwissenschaft Mathematik, Universität Erfurt, Ger-
many

E-mail : soeren.krausshar@uni-erfurt.de

57 Antalya-TURKEY



PROCEEDINGS BOOK OF MICOPAM 2020-2021

Approximation by Szász type operators

involving Bernoulli type polynomials

Mine Menekşe Yılmaz 1

The goal of this study is to investigate the possibility of approximation of the
Szász-type operators ([1]) defined using Bernoulli type polynomials. We benefit
from the Korovkin theorem ([2]) when examining the convergence conditions
of our operator. In the case of convergence, we give some theorems about the
quality of the approximation.

2010 Mathematics Subject Classifications: 41A25, 41A36, 33C45
Keywords: Szász operator, Bernoulli type polynomials, Generating functions,

Rate of convergence, Korovkin Theorem

Introduction

The possibility of approximation of operators is one of the problems of approx-
imation theory. Korovkin’s theorem is a well-known result in this field. The other
problem involves the study of orders of approximation, it is about the quality of the
approximation. Using generalized Appell polynomials and their generating functions,
linear positive operators may be possible to construct under certain conditions. We
can list the authors working in this field recently as follows: [3], [4], [5], [6]. Appell
polynomials Sn (x) with the help of generating functions are expressed as follows:

G (x, t) = A(t)ext =

∞∑
n=0

Sn (x)

n!
tn,

where A(t) =
∞∑
k=0

ak
k! t

k, A (0) 6= 0, is an analytic function at t = 0, and ak := Sn (0) . It

is easy to see that, if A(t) = t
et−1 , Sn (x) polynomials are Bernoulli polynomials. In

paper [7], a new definition of Bernoulli type polynomials was given using umbral cal-
culus (see [8]). By the same motivation, we construct a Szász type operator involving
Bernoulli type polynomials at the following equation:

An (f ;x) = (e− 1)
−1
e−nx

∞∑
k=0

β̃k (nx)

k!
f

(
k

n

)
, (1)

where β̃k (x) is called adjoint Appell-Bernoulli of the first kind.

Lemma 1. For the operators An, we have

An (1;x) = 1 (2)

An (s;x) = x+
1

n(e− 1)
(3)

An
(
s2;x

)
= x2 +

x

n

(
e+ 1

e− 1

)
+

1

n2
(4)
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Proof. With (1) it is possible to write the following equalities:

∞∑
k=0

β̃k (nx)

k!
= (e− 1)enx, (5)

∞∑
k=0

k
β̃k (nx)

k!
= {1 + (e− 1)nx} enx (6)

∞∑
k=0

k2 β̃k (nx)

k!
=
{

(e− 1)n2x2 + (e+ 1)nx+ e− 1
}
enx (7)

In view of these equalities, we obtain (3)–(5).

In view of Lemma 1, we have the following result.

Remark 6. For x ∈ [0,∞)

An (s− x;x) =
1

n(e− 1)
and An

(
(s− x)

2
;x
)

=
x

n
+

1

n2

Proof. Since the operator is linear, we can write at the following equations:

An (s− x;x) = An (s;x)− xAn (1;x)

and
An

(
(s− x)

2
;x
)

= An
(
s2;x

)
− 2xAn (s;x) + x2An (1;x) .

If we then use Lemma 1, we get the desired results.

Main Results

We begin this section by introducing some of the spaces we use and the norms on
them. Let’s denote the space of continuous and bounded functions with CB [0,∞)
and it is equipped with ‖f‖ = sup

0≤x<∞
|f (x)| . Suppose function f belongs to uniformly

continuous space on [0,∞) .

ω (f, δ) = sup {|f (s)− f (t)| , s, t ∈ [a, b] , |s− t| ≤ δ} (8)

is called modulus of continuity of f . From (8), for any δ > 0, and each x ∈ [0,∞),

|f (x)− f (y)| ≤ ω (f, δ)

(
|x− y|
δ

+ 1

)
(9)

holds. Let C2
B [0,∞) := {h ∈ CB [0,∞) : h′, h′′ ∈ CB [0,∞)} equipped with

‖h‖C2
B [0,∞) = ‖h‖+ ‖h′‖+ ‖h′′‖ . (10)

K (f, δ) = inf
{
‖f − h‖+ δ ‖h‖C2

B [0,∞)

}
, (11)

is known as the Peetre’ s K-functional.
Finally, we define E =

{
f : f ∈ [0,∞) , lim

x→∞
f(x)
1+x2 exist

}
.

Theorem 2. Let f ∈ C [0,∞)∩E. Then the sequence {An (s;x)} converges uniformly
to f(x) on every closed interval [0, a) as n tends to infinity.
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Proof. We have the following fact from (2), (3), (4):

lim
n→∞

An
(
ji;x

)
= xi; i = 0, 1, 2. (12)

Now, thanks to (12), we can use the Korovkin’s theorem, and that gets us the desired
result.

Theorem 3. Suppose f is uniformly continuous function on [0, 1) and belongs to set
E. Then, we have

|An (f ;x)− f | ≤ 2ω

(
f ;

√
x

n
+

1

n2

)
, (13)

where ω is given as in (8).

Proof. Thanks to An (f ;x) is monotonic operator and Lemma 1 , we can write the
following:

|An (f ;x)− f (x)| ≤ An (|f (s)− f (x)| ;x) (14)

When we apply the (9) over the (14), we obtain the following form:

|An (f ;x)− f (x)| ≤ ω (f, δ)

(
1 +

1

δ
An (|x− y| ;x)

)
(15)

If we can apply the Cauchy-Schwarz property to (15), we get the following inequality:

|An (f ;x)− f (x)| ≤ ω (f, δ)

(
1 +

1

δ

√
An

(
(x− y)

2
;x
))

(16)

by choosing δ := δn (x) =
√

x
n + 1

n2 in (16), we completed the proof.

In the next theorem, order of approximation will be estimated by Peetre’s K-
functional.

Theorem 4. Let f ∈ CB [0,∞), then for every x ≥ 0, the following inequality holds

|An (f ;x)− f (x)| ≤ 2K (f ; γn (x)) ,

where γn (x) = x
4n + 1

4n2 + 1
2n(e−1) .

Proof. Let h ∈ C2
B [0,∞) and t, s ∈ [0,∞) . Using Taylor’s expansion, we obtain

An (h;x)− h (x) = h′ (x)An (s− x;x) +
h′′ (υ)

2
An

(
(s− x)

2
;x
)
, υ ∈ (x, s) . (17)

Using Remark 2 and (10), we can write

An (h;x)− h (x) = ‖h′‖ 1

n(e− 1)
+
‖h′′‖

2

(
x

n
+

1

n2

)
≤
(
x

2n
+

1

2n2
+

1

2n(e− 1)

)
‖h‖C2

B [0,∞) .

On the other side, we have the following:

|An (h;x)− h (x)| ≤ |An (f − h;x)− h (x)|+ |An (h;x)− h (x)|+ |f (x)− h (x)|
≤ 2 ‖f − h‖+ |An (h;x)− h (x)|

≤ 2

(
‖f − h‖+

(
1

4n2
+

x

4n
+

1

4n(e− 1)

)
‖h‖C2

B [0,∞)

)
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≤ 2
(
‖f − h‖+ γn (x) ‖h‖C2

B [0,∞)

)
(18)

We obtain the following inequality, when we take the infimum overall h ∈ C2
B [0,∞)

in (18):
|An (f ;x)− f (x)| ≤ 2K (f ; γn (x)) .

Theorem 5. Suppose f belongs to Lipschitz class of α order. If x ∈ [0,∞) , then

|An (f ;x)− f (x)| ≤ C
[
An

(
(s− x)

2
;x
)]α

2

.

Proof. Taking advantage of the fact that An (f ;x) is a monotonic operator, we can
obtain the following

|An (f ;x)− f (x)| ≤ CAn ((s− x)
α

;x) (19)

Applying the Hölder inequality to equation (19), helps us to get the following equality:

|An (f ;x)− f (x)| ≤ C
[
An

(
(s− x)

2
;x
)]α

2

.

Hence, the proof is completed.
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tegral Favard-Szasz type operators involving Sheffer polynomials, Filomat. 33(7)
(2019), 1921–1935. https://doi.org/10.2298/FIL1907921K

[7] N. Pierpaolo and P. Ricci, Adjoint Appell-Euler and First Kind Appell-Bernoulli
Polynomials, Appl.Appl. Math. 14(2) (2019), 1112–1122.

[8] S. Roman, The Umbral Calculus, Pure and Applied Mathematics, Academic Press,
Inc.: New York, NY, USA; 1984.

1Department of Mathematics, Faculty of Arts and Sciences, Gaziantep
University, Turkey

E-mail : menekse@gantep.edu.tr

61 Antalya-TURKEY



PROCEEDINGS BOOK OF MICOPAM 2020-2021

Analysis on copper(I) oxide using ve-degree

and ev-degree indices

Veerabadhraiah Lokesha 1, Sushmitha Jain 2,
Aranakatte Shanmugham Maragadam 3

Copper oxide is well known p-type semiconductor and inorganic compound.
It is a chemical element having formula as Cu2O which is used in chemical
sensors and solar orientated cells. A compound’s molecular structure includes
all the information needed to determine it’s chemical, biological and physical
properties. At the start of the topological index study, there were three diffrent
types of index that were based on degree, distance and neighbourhood.ve− de-
gree and ev−degree concepts were newly defined in the theory of graphs. The
generalizations of descriptors can not only reduce the number of descriptors
based on molecular graphs, but also enhance existing results and provide better
correlation with several molecular properties. This type of study can be help-
ful in understanding the atomic mechanism of corrosion and stress-corrosion
cracking of copper.Topological indexes are essential devices for studying chem-
ical compounds in order to understand the basic topology of chemical struc-
tures. Topological descriptors are significant or invariant numerical amounts
within the domains of chemical graph theory. The topological indices ev−degree
and ve−degree were defined using their respective traditional topological in-
dices.Topological indexes were the critical tools for analyzing these chemicals to
consider the essential topology of chemical structures.The standard definition of
degrees has been converted into ev−degree and ve−degree.
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Convergence by Szász type operators based

on Euler type polynomials

Erkan Agyuz 1

In this work, we give a Szász type operator with related to Euler type poly-
nomials by the aid of generating functions. For obtaining approximation prop-
erties of our operator, we construct moments and central moments. We obtain a
uniformly convergence theorem for our operator with the help of moments and
Korovkins theorem. We show rate of convergence of our new operator by using
modulus of continuity notation.

2010 Mathematics Subject Classifications: 33C45, 41A25, 41A36
Keywords: Euler polynomials, Generating function, Szász operator, Modulus of

continuity

Introduction

The Euler polynomials were studied by many authors (see for details [1-4]). In
[1], Simsek constructed the generating function for q-Eulerian type polynomials and
obtained some identities by the aid of generating function. Ozdemir et.al. derived
generating functions and demonstrated several properties for new polynomials family
of special polynomials such as Euler and Bernoulli polynomials [2]. Natalini and
Ricci introduced to the adjunction property for Appell polynomials and applied to
special Appell type polynomials family such as Appell-Euler polynomials [3]. In [4],
Prvost derived some recurrence relations between Apostol-Bernoulli and Apostol-
Euler polynomials by using the Padé approximation.

By the same motivation of the above studies, in this paper, we construct an
operator which including Euler type polynomials and its generating functions. In
addition, we give some convergence properties of our operator by the aid of Korovkin’s
theorem and modulus of continuity.

The adjoint-Euler polynomials are defined by the aid of generating function at the
following equation:

∞∑
k=0

ε̃k(x)
tk

k!
=
et + 1

2
ext. (1)

Our operator are given by using generating function of adjoint-Euler polynomials
for t = 1 at the following equation:

E∗n(f, x) =

(
2

e+ 1

)
e−nx

∞∑
k=0

ε̃k(x)

k!
f

(
k

n

)
(2)
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Main Results

In this part, firstly, we give moments and central moments functions for construct-
ing the Korovkin’s theorem for E∗n(f, x). And then, we present convergence properties
of E∗n(f, x) by the aid of Korovkin’s theorem and modulus of continuity.

Lemma 2.1.1 For all x ∈ [0,∞), Eq.(2) satisfies at the following equalities:

E∗n(1, x) = 1 (3)

E∗n(s, x) = x+
e

n(e+ 1)
(4)

E∗n(s2, x) = x2 +

(
3e+ 1

e+ 1

)
x

n
+

(
2e

e+ 1

)
1

n2
. (5)

Proof Using the generating functions of the adjoint Euler polynomials given by
(1), we get

∞∑
k=0

ε̃k(x)

k!
=
et + 1

2
ext. (6)

∞∑
k=0

k
ε̃k(x)

k!
=
enx

2

[
e+

nx(e+ 1)

2

]
. (7)

∞∑
k=0

k2 ε̃k(x)

k!
=
et + 1

2
ext. (8)

By applying these equalities, the desired results are obtained.
Lemma 2.1.2 Let x ∈ [0,∞). Eq.(2) satisfies at the following equalities.

E∗n((s− x), x) =
e

n(e+ 1)
, (9)

E∗n((s− x)2, x) =
5e+ 1

(e+ 1)n
x+

2e

(e+ 1)n2
. (10)

Proof By using the linearity property of E∗n, we have

E∗n((s− x), x) = L∗n(s, x)− xL∗n(1, x). (11)

E∗n((s− x)2, x) = E∗n(s2, x)− 2xE∗n(s, x) + x2E∗n(1, x) (12)

By applying Eq.(3)-Eq.(5) on Eq.(10) and Eq.(11), the desire results are obtained.
Now we define a set for investigating convergence properties for E∗n(f, x).
Let the set E is defined as:

E = {f | f ∈ [0,∞), lim
x→−∞

f(x)

1 + x2
exist}
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Theorem 2.2.1 For f ∈ C[0,∞)∩E, we have

lim
n→∞

E∗n(si, x) = xi (13)

where Eq.(3), Eq.(4) and Eq.(5) is uniformly on each compact subset of [0,∞)
Proof By applying Lemma 1 and Korovkin’s theorem, we obtain

lim
n→∞

E∗n(si, x) = xi, (14)

where i = 1, 2, 3. The desired result is completed by using the property (vii) of
Theorem 4.1.4 in [cf. 5].

Let f be uniformly continuous function on [0,∞) and δ > 0. The modulus of
continuity ω(f, δ) of the function f is defined as follows:

ω(f, δ) := sup|f(x)− f(y)| (15)

where x, y ∈ [0,∞) and |x− y| ≤ δ [cf. 12].
Then, for any δ > 0 and each x ∈ [0,∞) the following relation holds:

|f(x)− f(y)| = ω(f, δn)

(
|x− y|
δ

+ 1;x

)
. (16)

Theorem 2.3.1 Let f is uniformly continuous function on [0, 1) and also belongs
to set E. Then, we have

|En (f ;x)− f | ≤ 2ω

(
f ;

√
En

(
(s− x)

2
;x
))

, (17)

where ω is the modulus of continuity of the function f .
Proof. It follows from Lemma 1 and monotonicity of operators En (f ;x) that

|En (f ;x)− f (x)| ≤ En (|f (s)− f (x)| ;x) (18)

Using the (16), we obtain at the following inequality from (18)

|En (f ;x)− f (x)| ≤ ω (f, δ)

(
1 +

1

δ
En (|x− y| ;x)

)
(19)

Applying the Cauchy-Schwarz inequality to the right side of (19), we get

|En (f ;x)− f (x)| ≤ ω (f, δ)

(
1 +

1

δ

√
En

(
(x− y)

2
;x
))

(20)

by choosing δ := δn (x) =
√

5e+1
(e+1)nx+ 2e

(e+1)n2 in (19), the proof is completed.

Conclusion

In this study, we constructed a Szász type operator including adjoint-Euler polyno-
mials. In addition, we investigated convergence properties of E∗n(f, x) such as uniform
convergence and rate of convergence with the aid of Korovkin theorem and modulus
of continuity.
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A new quantum linear operator defined by

the Airy differential formula acting on a

normalized analytic function in the open

unit disk

Rabha Waell Ibrahim 1

Fundamental series of special functions and polynomials and their conse-
quences are documented to have wide performances, in the number theory in-
cluding the theory of partitions. These functions are appreciated additionally in
an all-encompassing variety of fields connecting, for instance, finite vector spaces,
combinator investigation, lie philosophy, nonlinear electric circuit notion, par-
ticle physics, optical investigations, fluid model, mechanical engineering, quan-
tum mechanics, cosmology, theory of thermal conduction and measurements.
The theory of geometric function is ironic with altered kinds of these special
functions formulating convolution operators acting on different types of classes
of analytic functions in the open unit disk © := {ξ ∈ C : |ξ| < 1|}.

In this work, we express a generalization of Airy functions utilizing Jackson
calculus (quantum calculus or q-calculus) in a complex domain. Airy functions
are special functions dominated by the hypergeometric function of a complex
variable fulfilling the Airy equation

ϕ′′(ξ)− ξ ϕ(ξ) = 0, ξ ∈ C,

which can be expressed by the formula(
ξϕ′′(ξ)

ϕ′(ξ)

)
− ξ3(

ξϕ′(ξ)

ϕ(ξ)

) = 0, ξ ∈ C.

More interesting formula can be presented as follows:(
1 +

ξϕ′′(ξ)

ϕ′(ξ)

)
− ξ3(

ξϕ′(ξ)

ϕ(ξ)

) = 1, ξ ∈ C.

The above formula can be studied geometrically, because it involves the convex-
ity of normalized analytic functions:

C :=
{
ϕ ∈ © : <

(
1 +

ξϕ′′(ξ)

ϕ′(ξ)

)
> 0
}

and starlikeness:

S∗ :=
{
ϕ ∈ © : <

(
ξϕ′(ξ)

ϕ(ξ)

)
> 0
}
,

when ϕ is a normalized analytic function in the open unit disk satisfying ϕ(0) =
ϕ′(0)− 1 = 0 taking the series

ϕ(ξ) = ξ +

∞∑
n=2

ϕnξ
n.
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By using the q-hypergeometric function, we generalize the Airy function, where
for a number ξ ∈ C, the q-shifted factorials is formulated by the formal

(ξ; q)` =

`−1∏
ı=0

(1− qıξ), ` ∈ N, (ξ; q)0 = 1. (1)

According to (1) and in terms of gamma function, we get the q-shifted formula

(qξ; q)` =
Γq(ξ + `)(1− q)`

Γq(ξ)
, Γq(ξ) =

(q; q)∞(1− q)1−ξ

(qξ; q)∞
, (2)

where

Γq(ξ + 1) =
Γq(ξ)(1− qξ)

1− q , q ∈ (0, 1).

and

(ξ; q)∞ =

∞∏
ı=0

(1− qıξ). (3)

Based on this generalization, we formulate the q-Airy equation and study its
behavior in view of the geometric function theory, where the q-Airy fractional
operator is defined on ϕ ∈ ∆ (the class of normalized analytic function in the
open unit disk ©)

[Aı ∗ ϕ]q (ξ) = ξ +

∞∑
n=2

 3(n−1)/3Γq(
2
3
)Γq(

n
3

)

Γq(n)Γq

(
1− 2n

3

)
Γq

(
2n

3

)
ϕnξ

n (4)

:= ξ +

∞∑
n=2

[An]qϕnξ
n,

where

[n]q =
1− qn

1− q .

This operator will be considered in some classes of analytic functions. In this
investigation, we act the suggested q-Airy operator on the subclass of normalized
analytic functions taking the structure(

1− σ
ξ

)
[Aı ∗ ϕ(ξ)]q + σ [Aı ∗ ϕ(ξ)]′q ≺ p(ξ) =

aξ + 1

bξ + 1
. (5)(

ξ ∈ ©, ν, σ ∈ [0, 1],−1 ≤ b < a ≤ 1
)
,

where p is convex univalent in ©.
Our method is given by the theory of subordination and superordination. Some
examples will be illustrated in the sequel. Moreover, an application is formulated
for finding the upper solution of a complex wave diffusive equation using the
suggested q-operator

(
1− σ
ξ

) [Aı ∗ ϕ(ξ)]q + σ [Aı ∗ ϕ(ξ)]′q =
aξ + 1

bξ + 1
, (6)(

[Aı ∗ ϕ(0)]q = 0, q ∈ (0, 1), σ ∈ [0, 1], ξ ∈ ©
)

where ϕ is the height deviation of the horizontal pressure surface at two-dimensional
position ξ = ρ+ i % and [Aı ∗ ϕ(ξ)]q represents the bed slope.
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Note on non-commutative partition

Busra Al 1, Mustafa Alkan 2

We study non-commutative partitions of an integer. We characterize the set
of non-commutative partitions of an integer as union of the sets. Then we give
an alternative proof for the well known result in [12].

2010 Mathematics Subject Classifications: 03E02, 11P83, 11P99
Keywords: Partitions of an integer, the generating function of the number of

partitions

Introduction

Many researher have interested in partition of numbers and have done a lot of
research. In 1674, Leibniz asked that how many different ways a positive integer can
be written as the sum of positive integers aroused great interest and many studies
have been done on the partition of numbers. These studies also led to the topic of
partition of a positive integer. The number of these parts will be denoted by p(n).
For a positive integer n, the partition function is the number of ways n can be written
as a sum of positive integers n.

Partitions are divided into two as commutative and non-commutative. The dis-
placement of summands in commutative partitions are not important, but the dis-
placement of summands in non commutative partitions are important.

Example 1. The number 3 has 3 commutative partitions and the number of non-
commutative partitions is 4.

The set of commutative partition of 3 is {3, (1 + 2) , (1 + 1 + 1)} and 3 has 3
partitions.

The set of non-commutative partition of 3 is {3, (1 + 2) , (2 + 1) , (1 + 1 + 1)}
and 3 has 4 partitions.

We recall the following basis facts from the literature about commutative partition
theory.

Euler investigated the generating function of the number of partitions of an integer
n, as follows

f(x) =

∞∏
n=1

1

(1− xn)
=

∞∑
n=0

p(n)xn

where 0 < x < 1 ([7]).
After Euler’s recurrence for the partition of an integer, at recent years recurrence

formulas have been improved by J.A.Ewell, M. Merca, M. Alkan and B. Al ([10,
Theorem 1.2], [15, Theorem 1], [2, Theorem 2.4 and 2.5]). In this recurance relations,
both numbers of steps and larger of numbers founded in each step is main problem
since increasing of p(m) is faster than increasing of an integer m and so the recurrence
formulas that compute the values of the partition with the help of the smaller integers
are much useful and effective.
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In the literature, the restricted partitions are substantial as unrestricted partition
of an integer ([5], [8], [16], [17], [18]). The generating function of the number of
partitions of an integer n into odd part is

∞∏
n=1

1

1− x2n−1
=

∞∑
n=0

Q(n)xn.

The generating function of the number of partitions of an integer n into distinct odd
parts is

∞∏
n=1

(1 + x2n−1) =

∞∑
n=0

Z(n)xn.

From [7, page 309], we recall that the number of partitions of k into parts not exceeding
m is denoted by pm(k) for integers m, k. Then pm(k) = p(k) for m ≥ k. It is clear
that pm(k) is less than p(k) and the computation of pm(k) is simpler for integers m,
k. The generating function for the number of partitions of k into parts not exceeding
m is defined as

Fm(x) =

m∏
i=1

1

1− xi
= 1 +

∞∑
i=1

pm(i)xi.

While there are many studies in the literature about commutative partition in
partition theory, there is nor suffient results about non-commutative partitions. In
this notes, we give an alternative proof for the well known result in [7].

We recall some fact from [1]. Let n be a positive integer and we define the set

Pn =
{

(a1, a2, ..., at) : a1 + a2 + ...+ at = n, ai, t ∈ Z+
}
.

In fact, the element of Pn is a partition of integer n and so Pn is the set of a non
commutative partition of an integer n.

In [1], we have constructed the set Pn+1 of non commutative partitian for a
positive integer n by using recurance relations on the set Pn. First we recall operations
with the a partition a = (a1, a2, ..., at) of integer n;

(1� a) = (1, a1, a2, ..., at) ,

(1⊕ a) = (a1 + 1, a2, ..., at) .

Then 1⊕ a, 1� a ∈ Pn+1 and sowe also use the notaions 1⊕Pn, 1�Pn for the set of
new type elements, i.e.;

1⊕ Pn = {1⊕ a : a ∈ Pn}

1� Pn = {1� a : a ∈ Pn}.

Theorem 2 (cf. [1]). For a positive integer n, we have

Pn+1 = (1⊕ Pn) ∪ (1� Pn).

Proof. If a ∈ Pn then b = 1⊕ a, b = 1� a ∈ Pn+1 and so

(1⊕ Pn) ∪ (1� Pn) ⊆ Pn+1.

Let b = (b1, b2, ..., bk) ∈ Pn+1 and so b1 + b2 + ...+ bk = n+ 1.
If b1 6= 1 then c1 = b1− 1, ci = bi, where i ∈ {2, ..., k} and so c1 + c2 + ...+ ck = n.

It follows that c = (c1, c2, ..., ck) ∈ Pn and b = 1⊕ c ∈ (1⊕ Pn).
If b1 = 1 then ci−1 = bi, where i ∈ {2, ..., k} and so c1 + c2 + ... + ck−1 = n. It

follows that c = (c1, c2, ..., ck−1) ∈ Pn and b = 1� c ∈ (1� Pn).
Theorefore, we have that Pn+1 = (1⊕Pn)∪(1�Pn) and (1⊕Pn)∩(1�Pn) = ∅.
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We can prove the well-known result in [12] by the Theorem 2 by using the set
defined above.

Theorem 3. The number of partition of a noncommutative partition of an integer n
(n > 1) is 2n.

Proof. Proof 1: Let n be a positive integer. It is clear that the number of element
of both (1 ⊕ Pn) and (1 � Pn) are equal, i.e. (|1⊕ Pn| = |1� Pn| and so |Pn+1| =
2 |1� Pn|. Since |P2| = 2, we have that |Pn+1| = 2n by induction method.

Proof 2 in [12]: While there are many studies in the literature about commu-
tative partition in partition theory, there is only formula information about non-
commutative partitions that reports their number.

The total number of non commutative partitions of n is, in fact, given by 2n−1 .
This is easily proved as follows:

The partitions of n can be classified under two heads:
Those in which the first part is 1; and Those in which the first part is > 1.
Removing 1 (the first part), from each partition of n of the first kind, we obtain

all the different partitions of (n − 1), each once. Reducing by 1 the first part in the
partitions of the second kind, we again get all the partitions of (n − 1) as before.
Hence, the number of partitions of n, is twice the number of partitions of (n− 1) and
the result follows readily by induction [12].
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A visual proof that e < a < b =⇒ eabb > abeb

Taekyun Kim 1

In this note, we will give new interesting the following inequalities:

e < a < b =⇒ eabb > abeb.

This inequality is interested related to number and mathematical class room.
In particular, we note that ea > ae for e < a. (see [1,2]). Thus, we have

πe < eπ.

2010 Mathematics Subject Classifications: 11B68, 11B83
Keywords: Degenerate cosine-Euler polynomials, degenerate sine-Euler polyno-

mials, degenerate cosine-Bernoulli polynomials, degenerate sine-Bernoulli polynomi-
als, degenerate cosine-polynomials, degenerate sine-polynomials
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Some notes on the curve couple of Bézier

curve

Ayşe Yılmaz Ceylan 1 , Merve Kara 2

The aim of this work is to examine the geometric stucture of the pedal curves
of Bézier curves which has many applications in computer graphics and related
areas. Especially, we give the curvature of the pedal curves of Bézier curves in
Euclidean 2−space.

2010 Mathematics Subject Classifications: 14H50, 53A04, 65D17
Keywords: Bézier curve, curvature, pedal curve, pedal point

Introduction

Geometry of curves is very important because it has many crucial applications
in several different areas. Consequently, different types of curves and surfaces have
been studied by many authors for many years. Lately, due to its different structure,
Bézier curves have attracted the attention of many researchers. Bézier curves are the
most significant mathematical representations of curves which are applied to com-
puter graphics and related areas.

In differential geometry, the plane curves in the Euclidean plane are one of the most
important subjects. For that reason, examining the pedal curves is an essential issue.
Among them, the pedal curves of regular curves have an importance and are studied
by many authors in different areas of mathematics. A pedal curve of a regular plane
curve is the locus of the feet of the perpendiculars from a point to the tangents to the
curve. In the recent studies, [3] and [6] studied pedal and contrapedal curves of fronts
in the Euclidean plane. In the CAGD field, a classical family of sinusoidal spirals was
introduced by Ueda [7] and [8] via a pedal-point construction and later identified as
belonging to the special subset of rational Bézier curves called p-Bézier curves [5]. In
[1], Ceylan and Kara characterized the pedal curve of a planar Bézier curve.

This work is organized as folows. In section 2, some basic notations and defini-
tions are given. In section 3, pedal curve of a planar Bézier curve is characterized and
investigated at the starting and the ending points. In section 4, the curvature of the
pedal curve of Bézier curve in Euclidean 2−space is calculated. In the final section,
we conclude our work.

Preliminaries

A classical Bézier curve of degree n with control points Pj is defined as

B(t) =

n∑
j=0

Bnj (t)Pj , t ∈ [0, 1] (1)
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Bj,n(t) =

{ n!
(n−j)!j! (1− t)

n−jtj , 0 ≤ j ≤ n
0, otherwise

are called the Bernstein basis functions of degree n. The polygon formed by joining the
control points P0, P1, ..., Pn in the specified order is called the Bézier control polygon.

Definition 1. The first derivative B′(t) of a degree-n Bézier curve B(t) is clearly a
degree n− 1 curve. Such a curve can be written in Bézier form as

B′(t) =

n−1∑
j=0

Bn−1
j (t)41Pj (2)

where 41Pj = Pj+1 − Pj , j = 0, 1, ..., n− 1 are the control points of B
′
(t) [4].

Definition 2. The second derivative B′′(t) of a degree-n Bézier curve B(t) is clearly
a degree n− 2 curve. Such a curve can be written in Bézier form as

B′′(t) = n (n− 1)

n−2∑
j=0

Bn−2
j (t)42Pj (3)

where 42Pj =
(
41Pj+1 −41Pj

)
= (Pj+2 − 2Pj+1 + Pj) are the control points of

B
′′
(t) [4].

Definition 3. Let J : E2 → E2 be a linear transformation defined by the following
equation [2]:

J(P1, P2) = (−P2, P1).

Definition 4. Let α : I → E2 be a non-unit speed planar curve. The Serret-Frenet
frame {T,N} and curvature κ of α for ∀t ∈ I are defined by the following equations
[2]:

T (t) =
α′(t)

‖α′(t)‖
, N(t) =

Jα′(t)

‖α′(t)‖
, κ(t) =

< α′′(t), Jα′(t) >

‖α′(t)‖3
. (4)

Definition 5. The pedal curve of a regular curve β : (a, b) → R
2

with respect to a
pedal point p ∈ R2 is defined by

β∗[β, p](t) = p+
< β(t)− p, Jβ′(t) >

‖β′(t)‖2
Jβ′(t) (5)

[2].

Pedal Curve of a planar Bézier curve

In this section, we construct pedal curve of a planar Bézier curve and investigate
this curve at the end points.

Theorem 6. The pedal curve B∗(t) of a Bézier curve defined by (1) for ∀t ∈ R and
pedal point p is

B∗ [B, p] (t) = p+

〈
n∑
j=0

Bnj (t)Pj − p,
n−1∑
i=0

Bn−1
i (t)J4Pi〉

n−1∑
j,i=0

Bn−1
j (t)Bn−1

i (t)〈4Pj ,4Pi〉

n−1∑
k=0

Bn−1
k (t)J4Pk

[1].
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Remark 7. The pedal curve couple B∗(t) of a Bézier curve which is defined by (1)
and pedal point p is

B∗ [B, p] (0) = p+
〈P0 − p, J4P0〉
〈4P0,4P0〉

J4P0

at t = 0 [1].

Remark 8. The pedal curve couple B∗(t) of a Bézier curve which is defined by (1)
and pedal point p is

B∗ [B, p] (1) = p+
〈Pn − p, J4Pn−1〉
〈4Pn−1,4Pn−1〉

J4Pn−1

at t = 1 [1].

Main Results

In this section, we give the curvature of the pedal curve of a planar Bézier curve.

Theorem 7. The curvature of the pedal curve B∗(t) of a Bézier curve defined by (1)
for ∀t ∈ R and pedal point p is given by the following equation:

κ∗B∗[B,p] (t) =

n〈
n∑
i=0

Bni (t)Pi − p,
n−1∑
j=0

Bn−1
j (t)J41Pj〉

(
n−1∑
i,j=0

Bn−1
i (t)Bn−1

j (t)

〈41Pi,41Pj〉
)

+ 2 (n− 1)
n−2∑
i=0

Bn−2
i (t)

n−1∑
j=0

Bn−1
j (t)〈42Pi, J41Pj〉

·

(
n∑

i,j=0

Bni (t)Bnj (t)〈Pi, Pj〉 − 2
n∑
i=0

Bni (t) 〈Pi, p〉+ ‖p‖2
)

(n− 1)
n−2∑
i=0

Bn−2
i (t)

n−1∑
j=0

Bn−1
j (t)〈42Pi, J41Pj〉

·

(
n∑

i,j=0

Bni (t)Bnj (t)〈Pi, Pj〉 − 2
n∑
i=0

Bni (t) 〈Pi, p〉+ ‖p‖2
) 3

2

Proof. We can rewrite the equation (5) by using the equation (4) as follows:

B∗ [B, p] (t) = p+ 〈B (t)− p,N (t)〉N (t) . (6)

By using the definition of curvature, the following equation is handled:

κ∗B∗[B,p] (t) =
〈(B∗[B, p] (t))′′, J(B∗[B, p] (t))′〉

‖(B∗[B, p] (t))′‖3
. (7)

After using the equations (2), (3) and (6) in (7), the proof is completed.

Conclusion

In this work, the curvature of the pedal curve of a Bézier curve in Euclidean
2−space is studied.
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Joint model selection for Hidden Markov

models with exponential family

observations

Jieyu Fan 1, Satish Iyengar 2

Hidden Markov models (HMMs) provide a useful method to characterize
trajectories using underlying state transition patterns. HMMs assume that an
unobserved sequence governs the observed sequence (the emissions), and that
the hidden chain has the Markov property instead of the observed one. In this
paper, we develop a model for HMMs when emissions are governed by an expo-
nential family distribution, and extend it to incorporate covariates using gener-
alized linear models (GLMs). We call it HMM-GLM, and propose a joint model
selection method. The proposed selection criterion is tailored for HMM-GLM
aiming at a more accurate approximation of the Kullback-Leibler divergence;
we show that it provides an improvement over the widely-used AIC and BIC,
especially for the more difficult case of small to medium sample sizes.
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On radical ideals associated with an ideal

in a commutative ring

Ortaç Öneş 1

This study focuses on radical ideals associated with an ideal in a commuta-
tive ring. Some properties of radical ideals associated with an ideal are examined
and its examples are given. The connections between radical ideals and radicals
associated with an ideal in a commutative ring are proved.
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Keywords: Prime ideal, Radical ideal
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Highly accurate implicit schemes for the

numerical computation of derivatives of the

solution to heat equation

Suzan Cival Buranay 1,a, Ahmed Hersi Matan 1,b, Nouman Arshad 2,c

Recently, hexagonal grid approximation of the solution to the first type
boundary value problem of the heat equation on special polygons was given in
[1]. Second order accurate implicit method for the approximation of the spatial
derivatives of the solution of this problem on a rectangle by using hexagonal grids
were obtained in [2]. In this study for the computation of the first order spatial
derivatives and second order mixed derivatives involving the time derivative
of the solution, implicit methods on hexagonal grids with O(h4 + τ) order of

accuracy are given. Here, h,
√

3
2
h, τ are the step sizes in x1, x2 (space) and t

(time) variables, respectively. Numerical results are also presented.

2010 Mathematics Subject Classifications: 65M06, 65M12, 65M22
Keywords: Implicit methods, Hexagonal grids, Approximation of derivatives,

Heat equation
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On Fibonacci type numbers and

polynomials derived from homogeneous

linear recurrence relation

Yagmur Cetin 1, Yilmaz Simsek 2

The main motivation source of this study, especially the homogeneous linear
recurrence relation in the following Exercise 7.7.1 of the Charalambides’s book
(Ch. A. Charalambides, Enumerative Combinatorics, New York: Chapman &
Hall/Crc Press Company; 2002), has an important place:

Let yn be the number of n-permutations of set {0, 1, 2} with the repetition
and the restriction that no two zeros and no two ones are consecutive. Show
that

yn+2 = 2yn+1 + yn (1)

with y0 = 1and y1 = 3 and n ∈ N. Further, show that unique solution of this
recurrence relation is given by

yn =
1

2

{(
1 +
√

2
)n+1

+
(

1−
√

2
)n+1

}
. (2)

Dating back to the time of P. S. Laplace, who first introduced generating func-
tions in the form of power series, these functions make great contributions and
conveniences for a unified and modified solutions of combinatorial and proba-
bilistic problems and also other areas involving mathematical physics and ap-
plied mathematics.

It is also well known that generating functions are used in solving the ho-
mogeneous or the complete linear recurrence relation of order k with k ∈ N.

With the help of generating functions, this homogeneous linear recurrence
relation is solved. Some interesting properties of related generating functions
and the numbers yn are investigated.

2010 Mathematics Subject Classifications: 05A15, 05A19, 11B39, 11B83
Keywords: Generating functions, Fibonacci type numbers and polynomials, Pell

numbers, Combinatorial numbers

Introduction

Ozdemir and Simsek [4] gave the following generating functions for a new family of
two variable polynomials Gn (x, y, k,m, v), which are generalization and unification of
the Fibonacci polynomials and numbers, the Lucas polynomials and numbers, the Pell
polynomials and numbers, the Chebyshev polynomials, the Jacobsthal polynomials,
the Vieta-Lucas polynomials, the Humbert polynomials, the Geganbauer polynomials,
etc:

1

1− xkt− ymtm+n
=

∞∑
n=0

Gn (x, y, k,m, v) tn. (3)

Ozdemir, Simsek, and Milovanović [5] also modified the equation (3). They gave many
interesting and novel formulas involving not only some new generating functions for
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special numbers and polynomials, but also some explicit formulas for these numbers
and polynomials.

Recently there are many papers and books for the Fibonacci type polynomials
and numbers (cf. [1]-[6]).

Generating Functions For the numbers yn

In this section, by using (1), we prove that

1 + t

1− 2t− t2
=

∞∑
n=0

ynt
n. (4)

With the aid of (4), we arrive at the equation (2).

Conclusion

In this work, we gave a solution of the homogeneous linear recurrence relation in
(1), given by Charalambides [1, Exercise 7.7.1, p. 267]. By using (1), we also found
generating function for the numbers yn, which is given by the equation (4).

Our future plan is to give some properties of the numbers yn with the aid of the
equation (4).
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Optimal control for multi-treatment of

Dual listeriosis infection
Bassey Echeng Bassey 1

From the rising cases of high hospitalization versa-vise incessant fatality
rates and the close affinity of listeriosis with HIV/AIDS infection, which often
emanates from food-borne pathogens associated with listeria monocytogenes
infection, this present paper seek and formulated as penultimate model, an
8-Dimensional classical mathematical equations which directly accounted for
the biological interplay of dual listeriosis virions with dual set of population
(human and animals). The model was studied under multiple chemotherapies
(trimethoprimsulphamethoxazole with a combination of penicillin or ampicillin
and/or gentamicin) and then transformed to an optimal control problem. The
study explored classical Pontryagins Maximum Principle for the model optimal-
ity control system. Correlating the derived model with clinical implications,
numerical validity of the model was conducted. Results indicated that under
cogent and adherent to specify multiple chemotherapies, maximal recovery of
both human and animal infected population was tremendously achieved with
consequent rapid decline to near zero infection growth. The study therefore
suggests further articulation of more treatment factors and early application at
onset of infection for a visible elimination of listeriosis infection.

2010 Mathematics Subject Classifications: 93A30, 93C15, 65L07, 65K15,
49J15

Keywords: Listeria-monocytogenes, listeriosis, trimethoprim-sulphamethoxazole,
maximal-recovery, gastrointestinal-infection, multiple-chemotherapy
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Notes on statistical evaluations of the

Bezier curves constructed on deformation

hands

Buket Simsek 1

A bezier curve is one of the widely used topic in computer graphics, engi-
neering, medicine, mathematics, technology and science because of applications
in many real-world problems. In recent years, bezier curves are used in medical
studies as a tool to define a mathematical model for the relevant applications
such as facial expression recogniton, modeling deformed versus healthy hands,
imaging of ECG waveform [1, 3, 4]. In the initial study, our focus was providing
mathematical modeling for the deformed hands and healthy hands using Beizer
curves. In this study, we further develop our previous study and expand our
results by applying statistical methods. We then make inferences from these
mathematical models developed by the cubic Béizer curve.

References

[1] I. Kucukoglu, B. Simsek, Y. Simsek, Multidimensional Bernstein polynomials
and Bezier curves: analysis of machine learning algorithm for facial expression
recognition based on curvature, Appl Math Comput. 344, (2019), 150-162.

[2] V. Chutchavong, K. Nualon, O. Sangaroon, K. Janchitrapongvej, A mathemati-
cal model for ECG waveform using rational Bézier curves and Bernstein polyno-
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Higher order general convex functions and

variational inequalities

Muhammad Aslam Noor 1 , Khalida Inayat Noor 2

Variational inequalities can be viewed as novel and significant generalizations
of the variational principles, the origin of which can be traced back to Euler,
Lagrange, Newton and Bernoulli brothers. A wide class of unrelated problems
arising in various fields of pure and applied sciences are being studied in the
general unified framework. We define and consider some new concepts of the
convex functions with respect to an arbitrary function, called the general convex
functions. Some properties of the general functions are investigated under suit-
able conditions. It is shown that the optimality conditions of the general convex
functions are characterized by a class of variational inequalities. This result
motivated us to introduce the higher order general variational inequality. Vari-
ational inequalities and complimentarily are obtained as special cases of higher
order general variational inequality. It is observed projection methods and their
variant forms can not used to find the approximate solution of the variational
inequalities. To overcome these deficiencies, we apply the auxiliary principle
technique to suggest several implicit and explicit inertial methods for solving
higher order general variational inequalities. Convergence analysis of the pro-
posed methods are investigated under suitable conditions. Parallelogram laws,
which can be used to characterize the inner product and Banach spaces, are
obtained as applications of higher order general convex functions. These par-
allelogram laws have applications in prediction theory and stochastic analysis.
Some important and interesting special cases also discussed. Results obtained
in this paper can be viewed as refinement and improvement of previously known
results.
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On the search for universal laws for protein

copy number fluctuations

Burcin Simsek 1, Satish Iyengar 2

Modeling biological phenomena can be complicated because of potential dif-
ferences in biophysical details in different contexts. Despite that variation, it
is of interest to seek out general laws that may underlie certain processes. In
this study, we are interested in the possible universality of protein copy num-
ber fluctuations. We seek a model to describe those fluctuations universally.
We compare the fits of several models to those fluctuations using the Kullback-
Leibler divergence as a measure of closeness. We consider the lognormal, gen-
eralized inverse Gaussian, and Fréchet models because they arise from different
underlying mechanisms. The lognormal results from a large number of multi-
plicative process for exponential growth; the generalized inverse Gaussian arises
as a first passage time for diffusions; and the Fréchet is an extreme value distri-
bution. Our empirical findings show that the lognormal gives the best fit, and
we discuss implications for underlying biophysical processes.
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Hybrid operators for solving the weakly

singular Volterra integral equations:

Theoretical analysis

Suzan Cival Buranay 1,a, Mehmet Ali Özarslan 1,b,
Sara Safarzadeh Falahhesar 1,c

Our primary aim in this reaserch is the numerical solution of linear Volterra
integral equations of second kind with weak singular kernels, particularly kernels
of the form (x− t)−v K̃ (x, t) , 0 < v < 1, where K̃ is a smooth function. It is
well known that the solutions in general possess singularities at the initial point,
see [1]. Hence, we propose hybrid positive linear operators defined on certain
subintervals of the domain [0, 1] by using the classical Bernstein-Kantorovich
and Modified Bernstein-Kantorovich operators given in [2]. Further, we develop
a combined method which uses the proposed hybrid operators and approximates
the solution on the constructed subintervals. Theoretical analysis on asymptotic
rate of convergence and error analysis are given.
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Keywords: Weakly singular Volterra integral equations, Positive linear opera-

tors, Asymptotic rate of convergence, Error analysis
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Some new inequalities for Berezin radius

Hamdullah Başaran 1 , Verda Gürdal 2

The Berezin transform Ã and the Berezin radius of an operator A on the
reproducing kernel Hilbert space over some set Ω with the reproducing ker-

nel kξ are defined, respectively, by Ã(ξ) =
〈
Ak̂ξ, k̂ξ

〉
, ξ ∈ Ω and ber(A) :=

supξ∈Ω

∣∣∣Ã(ξ)
∣∣∣ . We use the refinements of the Cauchy-Schwarz inequality via

contractions to prove some new inequalities for Berezin norm and Berezin ra-
dius of reproducing kernel Hilbert space operators.
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Hybrid operators for solving weakly

singular Volterra integral equations:

Numerical analysis

Suzan Cival Buranay 1,a, Mehmet Ali Özarslan 1,b,
Sara Safarzadeh Falahhesar 1,c

Numerical solution of Fredholm and Volterra integral equations with con-
tinuous and square integrable kernels by using Modified Bernstein-Kantorovich
Operators Kn,α where n ∈ N and α > 0 is constant given [1] were studied in [2].
We consider linear Volterra integral equations of second kind with weakly sin-
gular kernels (x− t)−v K̃ (x, t) , 0 < v < 1, where K̃ is a smooth function. For
the approximate solutions two algorithms are developed depending on α, and
given through a combined method of hybrid operators of Bernstein-Kantorovich
and Modified Bernstein-Kantorovich operators defined on certain subintervals
of [0, 1]. Furthermore, examples are conducted from the literature and the re-
sults show the applicability, accuracy and the numerical stability of the given
algorithms. Additionally, these algorithms are applied on first kind integral
equations by first utilizing a regularization.
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Pidduck polynomials associated with the

Umbral algebra

Rahime Dere Paçin 1

In this work, we study the Pidduck polynomials belonging to the family
of the Sheffer polynomials. By using the methods of the umbral algebra and
the umbral calculus, we obtain some operator actions of these polynomials.
Moreover, we give some identities and relationship between these polynomials
and some other special polynomials.
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